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ABSTRACT: We consider type II and heterotic string compactifications on an isolated sin-
gularity in the noncompact Gepner model approach. The conifold-type ADE noncompact
Calabi-Yau threefolds, as well as the ALE twofolds, are modeled by a tensor product of
the SL(2,R)/U(1) Kazama-Suzuki model and an N = 2 minimal model. Based on the
string partition functions on these internal Calabi-Yaus previously obtained by Eguchi and
Sugawara, we construct new modular invariant, space-time supersymmetric partition func-
tions for both type II and heterotic string theories, where the GSO projection is performed
before the continuous and discrete state contributions are separated. We investigate in
detail the massless spectra of the localized modes. In particular, we propose an interesting
three generation model, in which each flavor is in the 27 @ 1 representation of Fg and
localized on a four-dimensional space-time residing at the tip of the cigar.
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1. Introduction

Building phenomenologically realistic models in string theory is a challenging problem.
Among others, one of the most serious obstacles to the construction is the issue of the
moduli. Typically, we assume that the background is a product of a four-dimensional
Minkowski space and some compact Calabi-Yau manifold. Various parameters characteriz-
ing the latter appear as scalar fields in the low-energy effective theory, which are massless
until appropriate fluxes and quantum effects are taken into account. The basic question
is whether or not, and if so how, the moduli stabilization is realized dynamically. This
question is closely linked to the vacuum selection problem. With the recent recognition of
the string landscape [, one might be satisfied if any consistent ultra-violet completion of
the Standard Model is obtained, but nothing can guarantee the uniqueness of the solution.

These difficulties stem from the complexity and diversity of compact Calabi-Yau man-
ifolds. Let us suppose that we are given a Calabi-Yau which has only a few, say three,
moduli. Then we would not need to worry about the moduli stabilization problem from
the beginning. Although there are no such known compact Calabi-Yaus, there are such
noncompact ones. A typical example is the ADE series of the ALE manifolds.

After the discovery of D-branes, the use of noncompact local Calabi-Yau manifolds has
been common — geometric engineering [B], topological string theory [J] and gauge theory
— in all these examples the central focus of the study is the open string. In this paper, in
contrast, we use noncompact Calabi-Yaus as the internal sector of conventional closed string
compactification in terms of conformal field theory [H], for both type II and heterotic string
theories. We consider these superstrings in a four- (and also six-) dimensional Minkowski
space with some internal noncompact conifold-like threefold (ALE twofold) of the ADE
type, where the internal part is described [}, [i] by a tensor product of an N = 2 minimal
model with level kpyin, = 0,1,2... and the noncompact coset SL(2,R)/U(1) Kazama-Suzuki
model with correlated level k.

We present a compact expression for space-time supersymmetric, modular invariant
partition functions consisting not only of contributions from the continuous (principal uni-
tary) series representations of the mother SL(2,R) Lie algebra, but also of those from the
discrete series representations. This new space-time supersymmetric partition function is
an improvement of the earlier results in noncritical super strings or “noncompact” Gepner
models [§-[J], and owes much to the recent construction of modular invariants for the
internal noncompact Calabi-Yau CFTs by Eguchi and Sugawara [[[3]. We will show, by
using the character decomposition technique [L—[LF], there are massless matter supermul-
tiplets coming from the discrete series, the number of which can be small depending on the
value of the level k. In particular, if we consider the Eg x FEg heterotic string compact-
ification! for kmyin = 3, we will find precisely three generations of N = 1 chiral multiplets

"'We should note that in the heterotic case our construction is closely related to the “heterotic coset
models” [@] studied earlier because an N = 2 minimal model is realized [@] as an SU(2)/U(1) coset theory.



Figure 1: The schematic picture.

in the 10216 &1 & 1 of SO(10) or 27 & 1 of Es. Since the discrete series representa-
tions in the SL(2,R)/U(1) gauged WZW model are known to be the modes localized [[[§
near the tip of the “cigar” [[J], these three flavors can move only in the four-dimensional
Minkowski directions, and hence are trapped on some four-manifold at the tip of the cigar.
The schematic picture is shown in figure 1.

This “brane” is not a D-brane; the localized modes are those of closed strings, which
exist even in heterotic string theories. In fact, these modes can be regarded as the position
moduli of NS5-branes. Indeed, in the six-dimensional analysis with an ALE manifold, we
will find I3 precisely as many massless supermultiplets in the discrete spectrum as the
number of two-cycles, which are D = 6 nonchiral N = 2 multiplets (including vectors) in
the type ITA case and chiral ones (including anti-selfdual tensors) in the type IIB case.
They are opposite to the zero modes appearing on NS5-branes [20] in agreement with the
T-duality [[, RI] between the NS5-brane and the ADE singularity. In the IIB case, the
S-dual version was used in the past to explain [RJ] the nonperturbative gauge symmetry

2 In the four-dimensional

enhancement near the singularity B3] in terms of D-branes.
case, relations between a deformed conifold and a system of intersecting NS5-branes are
also known [P3, R§. We would like to emphasize that to even see geometric moduli of a
noncompact Calabi-Yau as massless modes in a modular invariant CFT partition function

has been a nontrivial problem.
The dynamics on NS5-branes in the framework of the CHS model [Bd, R{] was much

2The nonperturbative “W-bosons” cannot be seen in our closed string CFT partition functions. They
can, however, be analyzed [@7@] in the boundary Liouville CFT [@], which we do not consider in this
paper. We would like to thank Y. Sugawara for discussion on this point.



studied as “Little String Theories” (LSTs) [B1]. They are basically non-critical superstring
theories [BJ] coupled to some compact CFT, which is a supersymmetric SU(2) WZW model
for NS5-branes. In analogy to the AdS/CFT correspondence [BJ], it has been proposed
that their vanishing string coupling (gs — 0) limit (and hence the decoupling gravity limit)
has some holographic dual theory on the boundary at the weakly coupled linear dilaton
region (the“mouth” of the throat). To avoid the strong-coupling singularity far down the
throat, we need a regularization in the bulk theory. There are two known ways: The first is
the so-called double-scaled Little String Theory [B4, BJ], that is, a particular limit of LST
where the weak string coupling limit and the limit of collapsing areas of the homology cycles
are taken in a correlated manner. In this limit, the physics depends only on a particular
combination of the coupling constant and a deformation parameter, and the scaled theory
can be weakly coupled. The second is to replace the linear-dilaton cylinder geometry with
the cigar geometry [, []]. Later it was shown that these two are dual to each other [B4, Bf].

In fact, the link between the NS5-brane and the two-dimensional black hole goes back
to the work by Gidding and Strominger (GM) [B7 in 1991, where a similar double-scaling
(and, at the same time, extremal) limit of a family of type II and heterotic non-extremal
black five-brane solutions was considered to observe that the resulting geometry was a
product of a (1 + 1)-dimensional black hole, an S® and a five-dimensional Euclidean space.
The CFT description of this geometry is very close to ours; although it is not exactly the
same (because, for instance, we consider a Euclidean black hole), it is at least suggestive. In
this GM’s double-scaling limit, despite the gs — 0 limit taken there, the graviton, dilaton
and other backgrounds do not disappear but are still present in the final geometry with

nontrivial, though finite, profiles in the whole space-time.?

As we mentioned above, our new partition functions are constructed based on the
ones for internal noncompact Calabi-Yaus obtained by [[J]. Roughly speaking, what we
do is to couple the noncompact Calabi-Yau CFT to that for the flat Minkowski space
and perform a suitable GSO projection before the contributions from the continuous and
discrete series representations are separated. The states in the latter class of SL(2,R)
representations will be called the “discrete states” in short. It turns out that the formulas
are simple and similar in their form to those for the partition functions containing only the
continuous representations obtained previously. One of the virtues of our formulas is that
the couplings of the discrete states for the Calabi-Yau to states for the flat Minkowski space
are automatically consistent with the modular invariance of the continuous sector. Another
advantage is that we can straightforwardly extend the type II analysis to heterotic strings
by using the heterotic conversion procedure [ of modular invariant partition functions. As
we noted above, we can construct an interesting three generation model, in which each flavor
consists of a 27 and a singlet of Eg and is localized on a four-dimensional space-time. Thus
this (kmin = 3) model may offer a viable alternative string model for the Eg unification [[(].

Gravity and gauge fields are not localized; they are (apparently) massive due to the
Liouville energy and propagate into the bulk. They correspond to the continuous series

3With the standard embedding, this GM’s double scaling also regularizes the small instanton singular-
ity [@7 E] for heterotic five-branes.



representations. But still, we expect that the three generation model above will be useful
for studying issues of flavors. While any particular phenomenological realization on a
compact Calabi-Yau cannot be unique, singularities occur universally in the moduli space
of any compact Calabi-Yau manifold. We hope we can capture some universal physics near
the singularity by studying the localized modes in the conformal field theory.

This is a more detailed version of [I]], in which the summary of results presented here
was already announced. The plan of this paper is as follows. In section 2, we review the
basics of representation theory of the affine SL(2, R) and the associated N = 2 superconfor-
mal algebras. In section 3, we also review the previous constructions of modular invariant
partition functions in the noncompact Gepner model approach, which consists of contri-
butions from only the continuous (principal unitary) series representations. In section 4,
we construct new space-time supersymmetric, modular invariant partition functions on the
ADE generalization of conifolds, for both type II and heterotic string theories. In section 5,
we describe the detail of how to separate the discrete series contributions from the new par-
tition functions, and examine the spectrum. In particular, we propose the ki, = 3 three
generation model mentioned above. Section 6 is devoted to examples. In section 7, we
briefly discuss the generalization to the six-dimensional space-time with the ordinary ALE
manifolds. Finally, we conclude this paper with a summary and discussion, which are given
in section 8. Appendix A contains basic definitions of theta functions and characters, and
their identities. In appendix B we collect useful formulas related the functions Fj o, (7, 2)
and Fl,% (1,2) we use in the text, which are important building blocks in the construction
of the partition functions. Appendix C is a review of the heterotic conversion procedure
of Gepner. Finally, in appendix D we give a proof of the regularization formula of [I4].

2. SL(2,R) paraferemions and N = 2 superconformal algebra

In this section we review the relation between the affine SL(2, R) Kac-Moody and N = 2
superconformal algebras based on the SL(2,R) parafermion construction of [iJ]. This is
relevant for our discussion because we construct a model by using the N = 2 representations
while the “localization of modes” is a concept that has emerged in the SL(2,R) ones.

2.1 Free field realizations

The SL(2,R) Kac-Moody currents of level k are realized as follows:

i\/gagb, (2.1)
i <\/§ae + i\/“?ap> exp <ﬂ\/g(e - ¢)> , (2.2)

where p(z), 6(z) and ¢(z) are free fields satisfying the following OPEs:

J3(2)

J*(2)

p(z)p(w) ~ —log(z —w), (2.3)
0(2)0(w) ~ —log(z — w), (2.4)



d(2)p(w) ~ +log(z — w). (2.5)

The energy-momentum tensor T5"2R) () is given by

TSLER) () — —%(8;))2 + 82p — %(89)2 + %(aqb)?, (2.6)

.
2(k —2)
which has a central charge

3K
CSL(2,R) — PR (2.7)

The SL(2,R) parafermions 1= (z) [[J are fundamental fields in the SL(2,R)/U(1)
coset conformal field theory. They are written in terms of the free fields as

vE(z) =i (@aa + iﬁ@) exp <ii\/ge> . (2.8)

Using these fields with another free boson ¢ [[i3] satisfying

p(2)p(w) ~ —log(z — w), (2.9)

a set of N = 2 superconformal currents are realized as follows:

_ 1 1 1 1
T (2) = —5(9p)" + O 2)32/) - 5(00)* = 5(99)", (2.10)

G*E(z) = R2_H2¢i(z) exp <:|:z' r ; 2@) , (2.11)
IN2(2) = iy [ - 50%. (2.12)

The central charge cy—2 is the same as cgp,o r):

3K
k—2

CN—g = (2.13)

2.2 Unitary representations of the SL(2,R) and N = 2 superconformal algebras

A unitary module (“Fock space”) of the affine SL(2,R) Kac-Moody algebra necessarily
SL(2,R)

contains a unitary (non-affine) SL(2, R) algebra module at the lowest Lj level. The
states in the module are labeled by the eigenvalues of J§ and
1
J = 5(JJJO— +J5 Iy — (J3)% (2.14)
Let us denote? such an eigenstate by
Iim+e> (meZ, 0<e<]l), (2.15)

“We consider the universal cover of SL(2, R).



where

Bll,m+e>= (m+e)|l,m+e>, (2.16)
JEllbm+e>=(m+etDlm+etl>, (2.17)
Jim+e>=—-l(1-1|l,m+e>. (2.18)

A state |l,m + e > corresponds to a vertex operator
2 y,04./2 _
Lmte> o eVEaiotiy 2mta@—o) (2.19)

in the free field realization of the affine SL(2,R) Kac-Moody algebra. It has a conformal
weight

SL(2,R -1
L ):—H_2, (2.20)

I3 =m+e (2.21)

The corresponding N = 2 vertex operator is then given by
e ézpﬂ\/g(mﬂ)eﬂ\/g(mﬂ)go’ (2.92)

which is a primary field with eigenvalues

=2 _ —(P =D+ (m+e)?
0

= — (=h), (2.23)
JN=2 = 7_2:?;6) (= Q). (2.24)

The point is that [iJ] each individual state |I,m + ¢ > in a unitary representation of the
non-affine SL(2, R) algebra corresponds to a unitary representation of the N = 2 super-
conformal algebra. We will consider each class of representations separately.

(i) The principal unitary series (The “continuous series”). The representation space in
this class consists of a set of states

{lm+e> | meZ} (2.25)

for some [ = % +ip, p € R and 0 < € < 1. There is neither upper nor lower J3 bound
in the states. The corresponding N = 2 representation has

_ 1 2 1 2
h—H_2<p +4+(m+e)>, (2.26)
2(m +e€)
= - 2.27
Q=" (227)
Eliminating m + €, we obtain a family of parabola
K— 2 1 1
B = 2 24 - 2.2
4Q+H_2<p+4> (2.28)

labeled by p € R on the (h, Q)-plane. They are shown in blue in figure . Throughout
this paper, the term “continuous series” will refer to this class of representations.



3% ]

Figure 2: The unitary region of the N = 2 superconformal algebra [i4] (¢ = 9, NS sector).

(i) The discrete series D;7 (n = 0,1,...). The representation space consists of states
|l,m + e > such that, for a given n,

[=n+e (2.29)
m+e=n+e+r (r=0,1,2,...). (2.30)

The representation D, has a lowest-.J3 state

Lm+e>=|n+en+e>. (2.31)
The values of h and @ of the corresponding N = 2 representations are
1
h=—s (2r +1)(n+e) +r?), (2.32)
Q:—H_2(n+e+r). (2.33)

Eliminating n + € from above, we obtain

ne-(rey)a- 5 (o) -h) emonaen e

They are precisely the left half of the family of segments which bound the unitary
region on the (h, Q)-plane. They are shown in red lines in figure p.

(iii) The discrete series D,, (n = 1,2,...). The representation space of D, consists of
|l, m 4+ € > such that

l=n-—c¢ (2.35)

220 (8002 ))TTdaHC



m+e=-—-n+e—r (T:071727"')7 (236)
among which
Lmte>=|n—e-nte> (2:37)

is the highest-.J3 state. The corresponding h and @ are similarly

ip:E%§«w+4xn—@+r%, (2.38)

2gn—6+ﬂ, (2.39)

and therefore

ne(ry)o- ity () -i) emorze e

They are the right half of the family of the segments. They are also shown in red lines.

(iv) The complimentary series. The complimentary series is similar to the principal uni-
tary series, but in this case [ and e satisfy (0 < e < 1)

Cee—1) < —l(I—1) < i (2.41)
The upper bound of J
S —1) = i (2.42)
coincides with the principal unitary series with p = 0, while the lower bound
—l(l—1)=—€(e—1) (2.43)

the N = 2 representations which arise from the states in D:{:O UD, _,. Therefore, the
complimentary series fill the gap between the paraboloid of the p = 0 principal uni-
tary series and the polygonal boundary of the discrete series representations. They
are shown in figure ] as the narrow yellow region between the blue area and the red
segments.

Although this class of representations is much like the principal unitary series with
continuous spectra, they do not arise in our model.

(v) The trivial (identity) representation. It gives rise to the identity representation
h=0, Q@=0 (2.44)

of the N = 2 superconformal algebra.

3. Noncompact Gepner models

In this section we review the old noncompact Gepner model constructions and address
their issues.



3.1 Modular invariant partition functions

In usual Gepner models [{], one uses a tensor product of N = 2 minimal superconformal
field theories so that their central charge add up to nine for compactification to four di-
mensions. They are subject to an orbifold projection, which is implemented by taking an
alternating sum over shifted indices of theta functions in the minimal characters. This is
called the “B-method” [4], with which one can achieve both an integral total U(1) charge
and modular invariance. In modern terminology, it is equivalent to consider spectral flow
orbits with respect to the N =2 U(1) charge.

The N = 2 minimal models are labeled by a nonnegative integer level ki, and have

central charges cpin = é’ﬁ?i‘z’ which do not exceed three. Therefore, we need at least four
minimal models to have nine. In [f], an attempt was made to construct a supersymmetric
modular invariant partition function by using ¢ = 9 characters directly, with no minimal
models. Such representations are necessarily nonminimal ones. A generic (and hence

nonminimal) N = 2 character of a representation with a highest weight L)'=2 = h, J{V=2 =

Q is given by [44]

N=2 jN=2 1 oU3(7, 2
Trng ¢70 yho = qh*wﬂy (3.1)
n3(7)
for the NS sector, and
N=2 N=2 1 792 T, 2

n3(7)

for the R sector. The definitions of theta functions, as well as other functions used below,
are summarized in appendix A. To improve the modular property of these nonminimal
characters and construct a modular invariant, the following two ideas were considered [{:
The first is to gather infinitely many generic representations with different U(1) charges
aligned on a lattice, so that the infinite sum produces another theta function. The second
idea is to integrate over the continuous spectrum of generic characters with a Gaussian
weight with respect to the Liouville momentum p (R.2§). For reasons that will be explained
below, we use level-1 theta functions for the first idea. Then, taking into account the
Gaussian integration, we have roughly

2

! , (3.3)

L 9*,1@*,2
VT2

,,73

which has modular weight (0, 0).

Next, to achieve spacetime supersymmetry, we need a GSO projection. We have
two level-2 theta functions, one from the complex fermion for the flat two-dimensional
transverse space and the other from the N = 2 character above. The (-method tells us
how to construct good combinations of theta functions. That is, we consider an alternating
summation of the form

Z(_1)V®m+ﬁou,k@sl+,611/,2@sz+,621/,2 (34)

v

— 10 —



with the “B-conditions” [f:

% ﬁ 5 _

e Rt (3.5)
Bom ﬁ181 fasa 1
ok + 1 + T =3 (3.6)

The solution is k = 1, (B, f1,02) = (1,1,1) and (m, s1,s2) = (1,0,0) or (0,0,2). Indeed,
if we define

7' Z =2 Z ®1+I/1 T, 22)@1/,2(7-72)@1/,2(7—7 Z)

vEZy
= 01.(r,22) (192(7, 2) +3(r,2)) = ©0a(r,22) (#3(r,2) + 337, 2)), (37)
(1,2) =2 ) (—1)"0,,1(7,22)0,5(7, 2)O242(T, 2)
vEZy

— 09,1 (7,22) (193,(7, 2) = 0(r,2)) - O1a(r,22) (#3(r,2) — (7. 2)), (38)
then their modular transformations are [g]

A (T +1,0) =i Ay(7,0),

As(7 +1,0) = —Ay(7,0), (3.9)
and
1 3/20=
A, <_?0> = T (M. 0) 4 A 0)
1 3/20= 5
Ay <_?0> = T (FA(r0) £ Aa(r0)). (3.10)
Therefore

’A1(7—7 O)’2 + ’AQ(Tv 0)‘2
()

is modular invariant. In fact, the functions A;(7,2) and Ay(7, z) vanishes identically for

(3.11)

whatever value of z, and hence play the role of Jacobi’s quartic identity in the ordinary
ten-dimensional critical superstring theories. A; was used long time ago [{7], and Ay was
derived in [f] by a modular transformation. It was clarified [1J] that these (identically zero)
functions, as well as more general combinations of theta functions and the N = 2 minimal
characters, were derived from Jacobi’s identity through compositions of theta functions.
Using (B.I]), we can write a modular invariant

-2 [AL(7,0)]” + [As(7,0)
3 (7)[?

where the factor (ImT)_% comes from the Liouville momentum integration, and |n(7)| ™

Z= [ () ()]~ () () o Ba2)

from the transverse fermions. The transverse fermion thetas are contained in A’s.

— 11 —



3.2 The link to singular Calabi-Yaus

The modular invariant (B.1Z) is regarded as a partition function of type II strings “com-
pactified” on the conifold [f, fi]l. The defining equation of the (deformed) conifold is [f§]

R Ny (3.13)

in C* with a deformation constant p. If we view (B.1J) as an equation in inhomogeneous
coordinates of some weighted projective space, we may recover the homogeneous expression

—pzgt 2 A 2422 =0, (3.14)

where the negative power of zy is determined by the Calabi-Yau condition. According
to the well-known relation between the Landau-Ginzburg potential and the level of the
minimal model 9, (], the first term suggests that the (deformed) conifold is described
by the level-(—1 —2 = —3) minimal model, which was interpreted [§], i, f]° '® as the level-
(+3) SL(2,R)/U(1) Kazama-Suzuki model [53] which has ¢ = 9. Prior to this, the circle of
connections between the the topological string near the conifold limit, twisted SU(2)/U(1)
coset at level-(—3), the ¢ = 1 string at the self-dual radius and matrix models had been
noted [p1l, p4-Bg].

The ADE singularity of a Calabi-Yau twofold [Fg] can be considered similarly [[i]. The
X, singularity (X = A, D or E) is defined by an algebraic equation

Wx,(21,22,23) = 0 (3.15)
in C3, where
Wa, (21, 22,23) = 217 + 25 + 23, (3.16)
Wp, (21,22, 23) = 277 + 2125 + 23, (3.17)
WEG(Z 22,2 3) = il+ 29 +Z37 (318)
Wi, (21,2, 23) = 2122 + 25 + 23, (3.19)
W (21, 22, 23) = 27 + 25 + 23. (3.20)

The singularity equation (B.15) is similarly deformed to

Wi, (21,22, 28) = pzg " O, (3.21)
where h"(X,,) is the (dual) Coxeter number of the Lie algebras h¥ =n+1,2(n —1),12,18
and 30 for X,, = A,, D,, Eg, B and Fg, respectively. Again, (B.21) is understood as an
equation in some weighted projective space specified by the weight of zy, which is deter-
mined by the Calabi-Yau condition. (B.21) indicates that the deformed ADE singularities
are described by the SL(2,R)/U(1) Kazama-Suzuki model of level (h¥ +2) coupled to the

°In these references the Kac-Moody level was denoted by k. Note that we denote this by x while we
differently use £ meaning k = k — 2 in this paper, following the notation of @]

6See however [@] for possible subtleties in the connection between noncompact CFTs and Calabi-Yau
geometries.

— 12 —



level (hY —2) N = 2 minimal model of the corresponding modular invariant type. It was
also argued by using the character identity (A.19) [ that the ADE singularity was T-dual
to the NS5-brane.

The corresponding modular invariant partition functions for type II strings “compact-
ified” on these noncompact manifolds, as well as on similar ADE generalizations of the
conifold, were constructed in [LJ] by using the generic noncompact N = 2 characters,
where it was revealed that the relevant spectral flow orbits which constituted the parti-
tion function were actually obtained in a unified way by composing the theta functions in
Jacobi’s identity. Namely, in the twofold case, the authors of [[[J] defined the functions

1 . ~
Fi(r,2) = 5x(") (7,0) (9 = 9} = 93+ 91) (. 2)
= Z (—1)” Z X%@V(Ta _Z) Z 921/04-1/,2(7—7 2)O2y, +v,2 (7'7 2)
vEZy meZQ(k’min+2) vo,v1,Vs € Zog
vo +v1 +v2
= 1(mod2)
0 (r,2)0 2z (3.22)
. T, Z . T, ————— .
2V2+V72 mvkm1n+2 kmin + 2

for 1 =0,. .., kmin, where the familiar character identity (A.19) [, fij was used. The second
line enables us to identify Fj(7,z) as a spectral flow orbit of a system consisting of the
level-kmin, N = 2 minimal model, two complex fermions and a noncompact N = 2 CFT
with some appropriate U(1)-charge lattice. Therefore, we can write

7 = d;dj(lmr)‘?’ I~ 4(7)]? (Tmr) =% | %(7))? ZNl,[Fl(T’ |0)3(fi)(|?0))*
Ll T
_ [ drdm s s (7, 0) (Fy(7, 0)"
= | G )2 o) LN 2

which is clearly modular invariant. This was regarded as a supersymmetric partition func-

tion modeling a deformed ADE singularity (B.21]) with a six-dimensional Minkowski space.
In the threefold case, the relevant building blocks are

F‘l,27’(7—7 Z) = Z ((193(7—7 Z))zch%\jr%(’r’ Z) - (_1)T_%(194(7—7 Z))2Ch%\,17§1(7—7 Z)

mez4(kmin +2)

B~ =

m

— (D57, 2) P (7,2) + (~1)E TR (7, ) P, (7, )

G(kmin+2)2r—(kmin+4)m72(kmin+2)(kmin+4) (T’ k 1-1-2) (324)

mi

for r € Zg_, +4 + % As we explain in appendix, this Fj o, (7, 2) is derived from Jacobi’s
identity and satisfies

1 . ~
20 @005 =0 =03 =Nz = YD Fiar(. )0, a(7,0).(3.25)

l
Tezkmin+4+§

— 13 -



The modular properties of Fj o,(7, 2) can be read off from this equation. We can similarly
write a modular invariant [[[J]”

drdTt _3 _ F1l,2r(T,O)(F~7 (1,0))*
Z= / (Im7)2 (ImT) 2 |77(T)| ‘ Z Z Nlj ‘7]3(7'[)’22 s (326)

Lt Tezkrrlirl+4+%

which can be regarded as the type II partition function for the ADE generalization of the
conifold

Wx, (21,22, 23) + 21 = 0, (3.27)

which is deformed to

_ 2h(Xn)
W, (21,22, 23) + 25 = pz "7 (3.28)

Since the level of the N = 2 minimal model is ki = h(X,,)—2, the level of the noncompact
N =2CFT is

__2W(Xy)
- h(X,) +2
_ 2(kmin + 2)
B kmin +4

+2
+2. (3.29)

For the Eg x Eg and SO(32) heterotic string theories, modular invariant partition
functions on R¥™1! (d = 6,4,2) with only the continuous contributions have also been
constructed in the second reference of [Ll]]. (The d = 0 case had been considered in [B(]
prior to that.)

3.3 Absence of localized modes

The spectrum of the ¢ = 9, N = 2 representations used in the partition function (B.19) is
shown in figure . What is nontrivial here is that [f] the level-1 U(1) theta functions deter-
mined by modular invariance and supersymmetry are consistent with unitarity. That is,
the envelope of the lowest ends of the continuous spectra, which are set by the level-1 theta
functions, coincides exactly with the lowest Ly bound of possible N = 2 representations
corresponding to the continuous series of SL(2, R).

By construction, there are only the representations coming from the continuous series
of SL(2,R). The graviton is massive due to the Liouville energy [pI]. All the modes
have continuous Liouville momenta and propagate into the extra dimension (that is, the
Liouville direction). There are no localized massless modes.® This is also the case for the
partition functions for the ADE singularity obtained in [[[3, [[T]]; they do not reflect the
geometry in their massless spectrum [[[(].

"For simplicity, we take the coefficients of the modular invariant theta system Mi:‘,‘“ [@] to be diagonal.

8There is a subtlety associated with the gapless spectrum. The appearance of this is the common feature
of the spectrum for even kmin, the level of the N = 2 minimal model coupled in the generalized models.
See section @
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Figure 3: The spectrum of the ¢ = 9, N = 2 representations in the old conifold partition function
(NS sector). The green lines at odd (even) @ are the spectrum of representations contributing to
Aq (Ag).

In [[3], new modular invariant partition functions including contributions from both
the continuous and discrete series representations have been constructed for noncompact
Calabi-Yau manifolds with an isolated singularity. (See also [6J] for more recent related
works.) They obtained them via the path-integral approach. They used the character
decomposition technique developed in different but similar models [[4, [ to show the
existence of the localized modes. In particular, they found [[J] the correct chiral ring
structures expected from the geometry of the ALE manifolds.

In the next section, based on this result, we construct spacetime supersymmetric par-
tition functions (that is, the ones in which the fermions for the four-dimensional Minkowski
space are coupled and GSO-projected before the continuous and discrete representations are
separated) on the conifold-type threefolds for type II strings, and also for heterotic strings.

4. Partition functions of superstrings on noncompact singular Calabi-Yau
threefolds

We start with the toroidal partition function of the SL(2,R)/U(1) Kazama-Suzuki
model [[J

(NS C/ d81/ ds 2|193 T, 817’—82 Z e |(w+s1)T—(v+52)|? ‘ (4‘1)

|91(7, 517 — $2)|?
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This expression was obtained by a path integration [[4, {5, pJ—[F5 in the H; /R gauged
WZW model coupled to fermions. The detail of the derivation of (1) can be found

in appendix C of ref. [[3]. The partition functions for other spin structures Zg\{;s)(T),

Zg;”,) (1) and Zg;”,) (1) are given by similar expressions with 3 replaced by 94, ¥2 and ¥,
respectively. The overall constant C depends on the definition of the path integral measure
and is arbitrary at this point, but later, after the discrete series contributions are separated,
it is chosen to be 4k so that the discrete states partition function becomes a polynomial
of ¢ with integer coefficients. We should note that ([.1)) is a formal expression because the
s1- and so-integrations diverge near s; = so = 0, and hence need a regularization when we
discuss the spectrum later.

By a Poisson resummation we may write

Z e 72 |(wts1)7—(v+s2)|? _ Z e—ﬂTz(%—I—k(sl-l-w)z)—27Tm((81+w)‘r1—82)

v, WEZ naweZ

_ 1’7'2 Z e—k’]’rTQSlq T e—27rzm(sl7— sz)qu +27rifn(sl7_——sz)’(4.2)

where m = ”_21‘””, m = —%. They run over an appropriate direct sum of orthogonal
lattices determined by n,w € Z.
2(k/'min + 2)
k= ——77"—-—" (kmin=0,1,2,...). 4.3
e (i ) (43)

4.1 kpin = 0: the conifold

To get insight into how the GSO projection is accomplished before separating the contin-
uous and discrete series representations, we consider the ki, = 0 (k = 1) case first.
If £ =1, ([£:3) becomes

(@) _ \/E Z e WTQSlq 27r2m(sl7— sz)qm +2mim(s1T—s2) (44)

m,m € Z
m = m mod 2

_ 2
= /T2 Z e %10, 1 (1,80 — $17) (Op1 (T, 52 — 517))" . (4.5)
vEZo
The level-1 theta functions are precisely the ones which are used to construct a modular
invariant partition function on the conifold consisting of only continuous series representa-
tions. This leads us to define, generalizing the continuous series result, the new functions

Ri(7,2) 201,47, 2) (937, 2)95(7,0)+ 04 (7, 2)04(7, 0)) = ©0,1 (7, 2) Ba(7, 2)05(70), (4.6)
Ro(7,2) = 00,1 (7, 2) (V5(7, )95 (7, 0) Vi (7, 2)0(7,0)) = O1,1(7, 2) Da(7, 2)0a(7,0)  (4.7)
and write

~ 2 " 2
Al(T,SlT — 82)‘ + ‘AQ(T, S1T — 82)

n(T)P[01(7, 517 — 52) 2

62
ZM4><con1fold C/ dsl/ dSQ\/E QQ)Tl ; (48)

— 16 —



where 7 = 17 + i7o.
By definition of Ay and Ag, we see that Zau, xconifold (7) 1S @ partition function for the
N =2 CFT for the conifold coupled to a complex fermion for the transverse space, with a
GSO projection performed before the discrete series representations are separated.
Including the four-dimensional boson contributions, we obtain the full modular invari-
ant partition function of type II strings on the conifold

drdr 1
full
Z/\l;(4><con1fold / T 7_2|772 (7_)|2 ZM4 x conifold (7_) (49)

In the following we will show that Zﬁ\‘j}ix conifold"

(i) is modular invariant.

(ii) reduces to (B.12) if, after a certain regularization, divided by a divergent volume
factor.

(iii) also contains contributions from the discrete series of SL(2,R), which transform as
four-dimensional N/ = 2 hyper/vector multiplets in type ITA/IIB string compactifi-
cations.

Here we note that, in going from (f.j) to (.§), we have extended the summation region
of (n,w) from (Z, Z) to (Z,Z)& (Z+ 3, Z+3) to have a supersymmetric partition function.

* with v7 = odd in order to

This is because we need ©,,1(7, 52 — $17)(Op 1(7T, 52 — 517))
contain spacetime fermions. Therefore, we assume that n and w are allowed to take values
in Z+ % as well as in Z. We also note that the particular z-dependence of the functions A
and Ay is crucial to the construction, and is different from (B7), (B:§) which are obtained

by a composition of level-2 theta functions in Jacobi’s quartic identity. (See appendix.)

4.2 Modular invariance of the type II conifold partition function

We first prove the modular S-invariance of (f.§). The following modular S-properties are
well-known:

2
Im*

n(r) —n <—%> = V—ir (7). (4.11)

(4.10)

T —

Also it is easy to see that

2

52 (-sp)2 | —Z(7(1—s2)2+ 2L
¥ = @ | FC0ered) (112)

On the other hand, we have the following relation in general:

2
— -1 Kir 7(l—s $1582—S8
Ok (7-7 %) NG W( +7(1=52)?+2(s152— 1)) (4.13)
MM (1 — $9)T — $1
2K Z M’+ K —a

M'e€Zsok
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for any divisor a of a positive integer K. Comparing (f.13) with
r—»—% [T MM
®M,K (7—70) - 2—I(Z Z € K 7rl@M’,K (Tv 0)7 (414)
M'e€Zsok
we see that O x (7', S”_;”) undergoes the following additional changes:

e The exponential factor.

e The replacement (s1,s2) — (1 — s2,81).

e The shift in the first subscript of the theta function (“spectral flow”).

Using ({.13), we find

(4.15)

T —8 2 S182—S
o (1-s2)242(s1 82 1))191(7,(1—32)7—31),

bl |>—rnnm

T

191(7', S1T — 82) — —€

(S

+T(l—82)2+2(5152_51) —mm/ i
) 5 e a0,
m/€Zo
(4.16)

. S
Uy 4
T

=

Om1(T, 517 — s2) — €

2
mi| L 4r(1—s2)2+2 — ) ss’ .
Os2(T, 517 — 52) — € Z<T (s 2lsrsaen) E e 105 99 (T, (1—s2)T—s51). (4.17)
s'€Zy

Since 27mi(s1s2 — s1) is pure imaginary, it is irrelevant if the absolute value is taken. Then
. const.xri(ﬁ—l—ﬂ-(l—SQ)Q) L .
the exponential factors of e arising from various factors of ([[.§) cancel
out. The replacement (si,s2) — (1 — s9,$1) acts trivially on fol $1 fol $9. Therefore, since
A1 (7,0)* + |Ag(r, 0)
YYD (4.18)
(7))
is modular invariant, we have only to worry about the shift of m’ and s’ in the theta
functions in A7 and As. It turns out that they simply amount to the permutation
4.19)

Al - AQ)
Ay — Ay, (4.20)

which obviously preserves ([.§). Thus we have proved that Za(,xconifold(7) is modular
S-invariant.

The proof of the modular T-invariance is easier. Since
M(T+1,2) = iAi(7, 2), (4.21)
A(T41,2) = —Ay(7, 2) (4.22)

hold independently of z, all we need to do is to examine the effect of the change of s17— s9,

which amounts to a change of variables (s1,s2) — (s1,82 — s1). In fact, the integrand of
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Z My xconifold (T) (E§) is periodic (with a period of 1) in sg, so the integral is invariant under
the change of variables. Thus Z 4, xconifold (7) is also T-invariant.

Again, we note that this proof for the modular invariance is a formal one because
Z My xconifold (T) (as well as Z g, oy (x,)(7) in the next section) is a divergent quantity. In
section p.J, we introduce a regularization which is not modular invariant. The situation is
reminiscent of anomalies in gauge theory; when the continuous and discrete contributions
are separated after the regularization, the continuous piece forms a modular invariant while
the discrete one does not close under modular transformations. The number of massless
discrete states should not depend on how the partition function is regularized since it
reflects the moduli of the noncompact Calabi-Yau (or the NS5-branes), as we see in the
subsequent sections.

4.3 Type II string partition functions for general &

In this section, we extend the discussion for the conifold to more general singularities in
which a nontrivial N = 2 minimal model with a general non-negative integer level ki, is
coupled to the noncompact N = 2 coset theory.

The expression of the new partition function for the conifold Zuq, xconifold(7) (E-g) is
very suggestive; it is similar in form to the old partition function (B.IT]). In particular, the
alternating sum is realized in similar functions A;(7,2) (i = 1,2) and Ay(7,2) (i = 1,2),
which differ only in the z-dependences. This motivates us to define

~ 1 m NQ
Fiop(1,2) = 1 Z <’L93(T, 0)Ys(T, z)ch%\f,%(T,O) — (=1)""294(7,0)04(T, z)ch%\f,%(T,O)

mez4(kmin+2)

— Ya(7,0)05(T, z)chl}}m(T, 0))
G(kmin+2)2r—(kmin+4)m72(kmin+2)(kmin+4) (T’ kmij1+4> : (423)

Again, this F} o,(, 2) is obtained from F} o,(7, z) (B:24), which was defined in [f] to construct
the modular invariant partition function for the ADE type conifold-like singularities with
only the continuous series representations. Remarkably, the level-2(kpin +2)(kmin+4) theta
functions are precisely the ones which appear in the U(1)-charge lattice decomposition

(@):\/% Z Z Z ks

J1,J2€Z M€y . +2) TELo ;i +4)

kopin 4 ) . m (kmin+2)r\ 2 . ) . m (Bpin+2)r
q2(£::;+2) (2(km1n+2)(]1_]2)+?—W) 6_27”(317—52)(2(km1n+2)(]1_-72)'1'?_%)

it . (ki +2)r\ 2 L . (ki +2)7
'Q2(£:;;+2) (2(kmm+2)(—11—y2)—%—w) o 2mi(s17=52) (2(kmin+2)(—J1—]2)—%—W)

(4.24)

_ T_]j Z Z e—k7r7'2 52 %

mez4(kmin +2) TEZQ(kmin+4)

@ So — 81T
. _ . . . Ty 77—
(kmin+4)mM—2(kmin+2)7,2(kmin+2) (Fmin+4) Koo + 4
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*
So — 81T
Ok ok . . T, —— 4.25

( (km1n+4)m 2(km1n+2)T72(km1n+2)(kmm+4) < ,k:min + 4>> Y ( )
where * denotes the complex conjugate. Therefore, Fl,% (7, 2) specifies a particular way of
GSO projection in the N = 2 minimal model, the transverse fermion and the noncompact
N = 2 coset Hilbert spaces. Using Fj o,(7,2), we can similarly write a modular invariant
expression

! ! Ty, _ kst
Zpmuxcy (x)(T) = C'/O dSl/O dSzy/Z(QG) T

Fyop (1,517 — 52) <F[2 (1,817 — 52
DTS -

. . [n(T) 2|01 (7, 517 — s52)|?
L Tezkrr\irl+4+§

)) (4.26)

for general kpmin. Nl,i is the coefficients of the X, (X = A,D, or F) modular invari-
ant [BG, pq]. Since Nl,i vanishes if | — 1 = 1 (mod 2) for any modular invariant, the
summation over r € Zyj_. 14+ % is equivalent to the one over r € Zj,_. 14+ % If kmin = 0,
ZM4><C’Y(A1)(T) is reduced to ZM4 Xconifold(T) (@)

The proof of the modular invariance of Z, oy (x,)(7) is parallel to the conifold case.
Again, the only nontrivial point is the 7-dependence through the z-argument. In the present
case the modular S-transformation simply permutes s cyclically, and Zpy, xcy (x,)(T) as
a whole remains invariant. The proof of the modular T-invariance is also similar.

4.4 Heterotic string partition functions for general &

Once we have a modular invariant partition function for type Il strings, we can easily
convert it to one for heterotic strings by a standard procedure [f, as we review in ap-

pendix. All we need to do is replace the holomorphic ﬁ’hgr (1,817 — s2) in (§4.20) with
EgﬁXEB (1,817 —s2)/n'2(7) (C-23)-(C-27) for the Es x Fg theory, and with FSOG2) (7 57—
s2)/n'%(7) (C28)-(IC-33) for the SO(32) theory. The anti-holomorphic (Ff,% (1,817—s52))* is
left unchanged. Since FIE;x B8 (7 517 — s9) /"2 (7) or FSOG (7 517 — s9)/n'%(7) transforms
in the same way as ﬁ’l,gr (1,817 — s2) does, the resulting heterotic partition function is auto-
matically modular invariant. Their massless spectra will be investigated in the next section.

5. Separation of the discrete series contributions

We now separate the contributions from the discrete series representations from the parti-
tion functions obtained in the previous section. In section p.1, we first define modules of
various algebras and describe relevant spectral flow operations in them, which are needed
later. Then we consider the separation for type II strings from section f.2 through sec-
tion .6, and for heterotic strings in section p.7.

5.1 Modules and spectral flows

e The SL(2,R) Kac-Moody algebra module HiL((ilIO{))
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The affine SL(2, R) algebra relations are [[i7]

T3, T3] = ~5nnm; (5.1)
[J3, T = +J5., (5.2)
(¥, J) = —kndn —m +2J5, 5.3)
for n, m € Z, where
k=k+2. (5.4)

The Virasoro generators are

SL(2,R 1 _ _
Ly 2R _ 72(/{_2) <J3_J0 +J5 Jy —2(J3)?
42> (T T+ T I - 2J§mJg)> ,
m=1
SL(Z,R): + - - 7+ _o973 3
LS ) _Z (T T + T dih — 203, J3) . (5.5)
We define HSL((2 R)) as an SL(2, R) Kac-Moody algebra module generated from a state

|h,lp) such that

Ly ™|k 1oy = hlh, lo), (5.6)
J3|h, o) = lolh, L), (5.7)
Lyt @, 1) = J3|h lo) = J;7|hlo) = Iy |h,lo) =0, (n>0) (5.8)
JF|h,lo) = (5.9)
The character for a generic representation is given by
1 1
L2,R) 3 iiq§+hy$§+lo
T L o= T~ 5.10
e VS T ) (510
Let us define the spectral-flow operation
JE = Jyij:w, (5.11)
Iy = Jp+ 75n,o, (5.12)
~ ~ 2
[SL@R) _ JSLRR) _ 478 E 5 (5.13)

" 4
then the tilde generators also satisfy the same algebra relations as those without
tildes, so it is an isomorphism. In particular, if we set w = 1, then

Jy = Jr, (5.14)
J=Jg, (5.15)
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SL(2,R) SL(2,R)
+7(h7l0) —,(h-‘rlo—%,lo—%)

a module generated by J,,’s. Therefore, for any function f (L(S)L(2’R), J3), the following

and 'H as a module generated by J,,’s can be identified to be H as

equation holds true:

SL(2, ~SIL(2, e K = K
Tr, sem) f(LOL(2 R>,Jg) =Thaam f(LOL(2 P-R-2, J5’+—> . (5.16)
2

+,(h,lg) —(h+lg—%,l0—5 2

The free fermion module Hy, 2 (v € Zy4).

The complex fermion algebra is generated by ¢:F, where r € Z + % in the NS sector
and r € Z in the Ramond sector, with the relations

{f, vy ={v;, v} =0, (5.17)
{7/)1:‘_’ ¢s_} = {wr_’ 7/);_} = 5?,—8- (5-18)
The Ly and fermion number operators are
(NS) _ T (F o + ot
LO - Z 2 (TIZ)—T’M)T + ¢—r¢r ) ’ (519)
TEZ+%7>O
(R) _ L
LO - Z 2 (ﬂ’-ﬂ/’r + w—rwr ) + 87 (520)
reZ,>0
1
NS) _ + . - ot
F( ) - 5 Z (w—rwr —T/J_M/fr )7 (521)
T’EZ+%,>O
®_ 1+, -1 e ey L
F = 5 0 1)[)0 + 5 Z (7/)—7»7/% - ¢—r¢r ) - 5 (522)
reZ,>0

As usual, we introduce the NS ground state |0)ns such that

¢F[0)ns = 0 (5.23)
for r = %, %, ..., and the Ramond ground state |0)r such that
UFHO)R = 0 (5.24)
for r =1,2,..., while
¥ [0)r =0 (5.25)
forr=0,1,2,.... Then
L{|0)ns = 0, (5.26)
FN9|0)ng = 0, (5.27)
L0} = 10}, (5.29)
Fl0)g = —]0)x. (5.29)
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(NS)

Let us call the free fermion modules generated from these ground states H and

HE, respectively. We also define H, 2 (v € Z4) to be a free fermion module such that

Ty, 20" y™ = q% (5.30)
where
LY =18 ity =02 (5.31)
=LV ify =41, (5.32)
FW = pNS) 4, — 0,2, (5.33)
=F®) ify =41, (5.34)

Clearly, Ho2 (H2,2) consists of even (odd) FNS) gtates in HVS), and similarly Hi2
(H_12) consists of states with F' (R) = +%+ even- (odd-) integer in H®) . Also

HNS) = Ho,2 ® Ha2, (5.35)
H®) = Hyy O H 1. (5.36)
For both the NS and the Ramond sectors,

GO = g (5.37)

is an isomorphism and maps HNS) to HMS) | and H®) to H(®). We also have, any
function f (L((]V), F®)), the following equation

14 v F (v = (v 1 ~(v
Ter/,Qf (L((] )7F( )) = Tr?'(u+2,2f <L((] +2) — F( +2) + 5, F( +2) _ 1> . (5.38)

The free boson module Hy, k (K = 2(kmin + 2)(kmin +4), m € Zok ).
Let us consider a free scalar field ¢(z) with the OPE

B(2)6(w) ~ —log(z — ) (5.39)
with the energy-momentum tensor and the U(1) current
TV0(z) = 2 (96(2))°, (5.40)
JUYW(2) = i\/?%(z). (5.41)

for some integer K = 2(kpin + 2)(kmin +4). Let Lg(l) and Jéj(l) be their zeromodes.
Then H,, x (m € Zag) is defined to be a (reducible) free boson module such that

T\I‘Hm,}{q 0 = q24 ,’7(7_) Y (542)
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and hence

U(1) z
J ® —z
v o 1 On i (T, 7=
TI"Hm KqLO ykmin+4 = q2 mn ( ’ kmm+4)
7 n(r)

(5.43)
Hom, K is a direct product of free boson modules generated from the ground states
V2Kt 55)90) |0)  (n € Z), (5.44)

where |0) is the Jéj(l) = 0 ground state.

The replacement

7U(1)
u(l) _ FU®1) Jy kin +2
L =1L — 4
0 0 Fomin + 4 2(hiin + 4)’ (5.45)

is a spectral flow by 2(kpyin + 2) units, and hence is an isomorphism. As before, we
have a relation

Torg, o f (L5, 00

=U(1) j(?(l) Fnin+2  zu()

= Ter+2(kmin+2),Kf<L0 _kmin+4+2(k’min+4)’ Jo _(kmin+2)> (5.47)

for any f(Lg(l), Jéj(l)).

(k

The N = 2 minimal superconformal algebra module Hmmin)l’s.

Finally, we define the N = 2 minimal superconformal algebra module H%min)l’s such
that

N=2

HH(kmin)leqLo y‘]év:z — q% X%’imin)l’s(’r’ Z). (548)

In appendix we collect useful formulas of the N = 2 minimal characters
Xs,limi“)l’s(n z) = Xi,’f(T, z), where the kpin-dependence is suppressed for nota-
tional simplicity. We do not need spectral flow formulas for them because they do

not have the denominator U(1) charge of the gauged WZW model.

5.2 The flow-orbit representation of the partition functions

&

To extract the discrete series contributions from ([.26), we will write it as a trace of some

operator over appropriate modules defined in the previous subsection. First, we note that

the function Fj o, (7,2), introduced in [ to construct modular invariants containing only

the continuous series, can be written as a spectral flow orbit with respect to the N = 2
U(1) charge (which is not the same as the denominator U(1) charge of the SL(2,R)/U(1)
coset counted by J° below, as emphasized in [[[J]), as shown in appendix. Since F} o,.(7, 2)
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and EQT(T,Z) differ only in the z-dependences of theta functions, EQT(T, z) can also be
expressed as a similar alternating sum (see (B.2€))

[ 1 v. LI—2r4+2v9+v
—Fl,2r(7—7z) = 5 Z Z (_1) Xitv Aot (770)921/14—1/,2(7—70)

VEZy (k1 +2) Y0:v1,v2 € Z2
vo +v1+v2
= 1(mod2)

z
’ 621/2—{-1/,2 (T’ z)®(kmin+2)2r_(k111i11+4)(l+V)72(kmin+2)(kmin+4) <T’ k7> :

min T 4
(5.49)
It motivates us to define [I]
kmin l,l—2 +2v0+
H%’)wuozyl . Zng(+V ) r+2v0+v X H2y1+y,2 & H2V2+,,’2)

V(; +YV1 + v2
= 1(mod2)

® H(kmin+2)27“—(kmin+4)(l+1/),2(kmin+2)(kmin+4). (5.50)

We can then write
1 1 T ks% FA’l,QT(Ta S1T — 82) <FA’[’2T(7—, S1T — 82))
/ dsl/ dsay | ?(qq*) 1 :
0 0 In(7)01 (1,517 — 52)|
1 1 P
= / dSl/ d82 E(qg)
0 0 V
Tr

[ (7)? S (-
4
(regmensy, Yo (rigmenss), )

V7D€Z4(kmin+2)
SL(2,R) ) ), U) 1 e g M
Lo O+ LY =24 Ly + Ly + Ly 44— min 4 g, J3+F<">+kn?m+4+§

2
ks
4

“q
#SL(2R) | 7 N=2 7)), 7(#) , 7U) 1_ cmi T A
Ly TLy = Ly Lo Lo Syt ts | JoH Y A gt
q
Ju@ o U@
—2misy | J§HF W) 420 —JR—F(7) — S0
'e min min (5‘51)
The so integral yields a constraint
fot 3, () Jg 33, () gy Ftot
Joor=) g+ Y+ ——— = J5+ PV + ——— (= Jy7). 5.52
(i =) 7 = P ERY 65
Using the Fourier transformation
T ks? 1 [ 2 o
f(qg)Tl — E/ dc e 2 27”651, (5.53)
— 0o

we can perform the s; integral as

2 2 o) }
_In i;” /_ D> (—1)u+m<HSL(2,R) 0 Ve (rie

()
V€L (ki +2) 00 M, +(0.0) ®HFII27*)
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1_ Cmin
4 24

‘qLﬁm’R) +LY=24 L) 4L 4Ly (L1 Cmin q}?m’m FEN=24 B+ LD+ £ L

(q@) ) (g 551)
—2n(ip+ J° + §) ’ '

where we set ¢ = 2mp.
The first term of the numerator contains J{° in its exponent. If we use the isomor-
phisms of various modules in the previous section, we can eliminate this J{° dependence,

and also the module over which the first trace is taken changes from HiL((g ’01;” ) ® H%)ZT to
HEL(%E)_E ® H) (k = k 4+ 2), and similarly in the anti-holomorphic sector:
7( 10 2) Fl;2(7'+1)

2012 _
() _ |77 ik” Z (_1)1/—1—1/

V7D€Z4(kmin+2)

- Tr _
SL(2,R) (v) SL(2,R) ()
( (Ha(f%f%@?{ﬂ,z(rﬂ))®(Ha(f%f%)ﬁﬂ,z(r“))
o0 2 min S , = v v K
/ : dp — q%(p+§)2—i—cT+LOL(2 B y=24 L4 L) +0) M 42
—oo —27(ip + '+ 3)

L(pgiky2 1 ein g FSURR) EN—2y FO) L F0) FUO)

. (jk 2 4
—Tr _
SL(2,R) o 4 ,(v) SL(2,R) _ ,(P)
(H%(O,O) ®HF1,2T)®(H+,(070) ®HF1,2T)
0 2 ‘min | 7 SL(Z,R — (v) v U(1)
/ ‘ dp _ g~ i AL R LY L+ LG+ L
—oo —27(ip + T+ 3)

2 . ~ ~ ~ (5 ~ (5 ~
A L Ly L L4 LY

) (5.55)

The first trace is simplified by replacing HﬁL((i’g)_ﬁ)’s with HﬁL((g’f{i)’s, and at the same
’ 47 2 N2

time removing % from the exponents of ¢ and ¢.

As was done in [[[3-[[§], we will now change the integration contour of the first trace
from p' =p + % cR+ % to R. Then it picks up a residue of the pole at p = i(Ji" + %)
for the states satisfying —% < JP' < —% (figure fl). We will show that in section p.5
that these imaginary-momentum states reside below the lower bound of the continuous
spectrum, and precisely on the boundary of the unitary region [fi4, iJ]. That is, they are
the discrete series representations.

5.3 The continuous spectrum

As in [[[3-[[5], we consider the continuous and discrete spectra separately.
The continuous spectrum arises from the first trace of (p.53) with the p-integration
contour deformed, and the second trace for which we do not need any deformation. Since

_i_cg\in +L§L(2’R)+L6V22+L(()V)+L(()V)+Lg(1)

_ (B s (1) (- 8) (k) )

q
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i (J6+ 3) i (T8 1)

__________.____ !;

ik ik
2 2

Figure 4: The contour deformation of the p integration.

if the denominator ip + J§°* + % were absent, we would formally obtain
Z(_l)wﬁ SR o) q_% emin | [SUR) N2y p 00 00 U0 i Fi 2 (7,0)
i v )
My 0-5) %Mk o, ~0i(1,0) p3(7)

v

(5.57)
which contains a divergent factor 191%:’0). This divergence comes from the zero mode con-
tributions in the SL(2,R) module. In reality, the traces in the holomorphic and anti-
holomorphic sectors are not independent but are constrained by the condition (f.53), but
still the trace is divergent because, for a given pair of holomorphic and anti-holomorphic
states with fixed values of Lo, Lo and JEt (=, tOt) there are infinitely many states having
the same Lo, Lo but different J{t(= J), and the sum of the form

=1
-> (5.58)
=0 zZ—MNn

does not converge. Following [[4], we use the formula

& e~ ne o
_ Z o —loge+ & logP(—z) —C+ O(G) + O(elog 6)7 (5'59)

to regularize this divergence to obtain a finite answer. We give a proof for (p.59) in
appendix D, thereby correcting (irrelevant) typos (the minus sign in front of log and Euler’s

. . . _ 1 .
constant) in [[4]. Then the contribution to pr Py from an arbitrary number of
Jy multiplications in HSL((S R)) (in the first trace of (5.53)) is — logﬁ times
SL(2Z,R) ;3 —zqsy 2
Tr Ly B /
HER) ey Y h(rz) | 1—y
1
z—0 Q3
= (5.60)
(1)
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SL(2,R) SLER
(h o) /{JO } the coset of the module H” ((h lo))

obtained by modding out the J; multlphcatlon. Similar equations hold for the second
trace. Therefore, (f.55) becomes

to leading order. Here we denote by H™

—10 € 1 o0 P> 1 F T (T 0)( r (7—70))*
L R e ( S T

2
Fior(7,0)(Fj 5,.(7,0))"
n3(7)[?

> + O(€%). (5.61)

Zmaxcy(x,) (1) ([B:20) is obtained by summing (B.61) over r € Zy,, 44 + % and [, with a
weight NV, 7, and hence

—loge %
Zntsxcy o (1) = C=2ES N, / dp(qd) ”k (5.62)

8k
" IJ T’Ekaer4+2 ( )|
Fo441)(7,0)(Ff 50,01y (7,0))  Fpop(7,0 A(7,0))*
. 1,2( +1)( )3( 1725 +1)( )) n 1,2 ( )( 122( )) +O( 0)
(7)) 3 (7)]

loge k 1 Fl,27’(7—70)(F[727«(7—’0))* 0
Sk Z d 2 mmr T wer O

reZy

mln+4+2

This shows that the coefficient of the log e divergence of Z,4, xcy(x,,)(7) is precisely the in-
tegrand of the old partition function (B.26) (without the transverse boson factor) consisting
of only the continuous series representations.

5.4 The discrete spectrum

Let us now consider the discrete spectrum, which is the main focus of this paper. In
section p.3, we have deformed the p-integration contour of the first trace in (p.59), the
summation of which over I, [ (with a weight N, ;) and r is equal to Zy,xcv(x,)(7). Then

any state in (HSL(2 B) )®H(V) > ® (HﬁL(ZR)_g) 2 HY) ) such that the eigen-

(=T Fia(r41) (=5 Fia(r41)
value of J{°* is between —% and —% gives rise to a pole in the integrand. The resulting
small contour around the pole is clock-wise, and the residue integral just cancels the —2m¢

factor of the denominator. The residue contributions to Z, xcy(x,)(T) are therefore

S ) [n*(7)?
Residues = C Z N Z ik (5.63)

l,i TEkain+4+é

Z (_1)u+l7Tr
SL(2,R) ) SL(2,R) (%)
(H*»(O,*j)@)HFL 27")®(H -5 MR 27“)

V€LY (K, 1 +2)

Bptaoer<h, sfet=agt
(g U+
. q( EL(Q R)—é)'i‘(LN 2 CI;]I;)J,.(L(V) ﬁ)-ﬁ-(L(()”)—ﬁ)‘l'(Lg(l)—ﬁ)

I =g (5 )+ (1) (0 2)
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where we have shifted 4+ 1 to 7 in the r-summation, and also LSL(2 R) (and ﬂgL(ZR)) by
% as we mentioned below eq. (5.53).

1
As we noted at the beginning of section |, (5.6) would become a polynomial with
integer coefficients if we had started from the partition function (fL.I) with C = 4k

To obtain the discrete spectrum, we first relax the conditions for J¢°' and Jtot
consider

and
YN Y PP
I r€Z, i tats
—1)VTTr
R (C T BRI
.q( gL(z,R)_%)_i_ (Lyy=2—Cmin) (L(v) zi) ( (u)_ﬁ)_l_(Lg(l)_%)met
. q(i(S)L(Q’R)—é)-F (Ly=2—cpin) ( ) ( )_ﬁ)'i'(ig(l)—ﬁ)gjém (564)

instead of () Next we find the states which satisfy the conditions —&+L < Jet <
0

1
2 = =2
and J°' = J' and then we take into account the “drop” of Lo due to the imaginary
momentum factor

(qq) ¥ (U +3)+%5)"

(5.65)
in (5.63). Without the factor (5.65), we can easily evaluate (.64)::'°
2 90 (7, 2) (2F} o, (7, 2))*
B - YN, Y et (5.0
0 e bl [T 20(0)

5.5 Massless spectra for odd ki,

We consider the cases ki, odd and ki, even separately. We first assume that ki, is odd

Massless states in type II string theories come from those with the total conformal weight
. Therefore, they must lie at the lowest LSL(2 B) Jevel. Since Jg’ takes values
K K K
JB=—, -2 -1, —Z-2,... —k+2
0= T b Ty =k

level in HSL((2 R,Z) the condition
2

(5.67)
at the lowest LSL(2 R)

1
- 5.68
for the existence of a pole implies that a noncompact N = 2 representation can contribute
. . e . u(1)
to the discrete series spectrum only if it carries a J,

o charge in the ranges
Knin + 4 u(1 Kmin + 4
% + (kmin + 4)nclustcr < J ( ) % + (kmin + 4)nc1ustor + kmin + 27

F 2. (7, 2) is so defined that FLVQ,,« (7, 2) coincides with Fj o, (7,0), where the latter was defined in B] It
is more natural to consider 2Fj o, here because it is a polynomial of ¢ with integer coefficients

10We should mention that in [@] a question has been raised as to whether the split of the partition

function in this way is consistent with the degeneracy of descendent states of the N = 2 superconformal

algebra module. We leave this question open
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Figure 5: The clusters and the discrete states (kmin = 1, NS sector). The circle at (Jéj(l), h) =

(0,0) in the nepuster = —1 cluster and the square at (3, %) in the neuster = 0 cluster correspond to

two massless supermultiplets for type II compactifications.

K Z (NS sector)
R R : 5.69
Ncluster 5 — 70 Z + 5 (R sector), (569)

where we have introduced a label ngyster to distinguish different “clusters” of relevant
noncompact N = 2 representations (figure ).

Let us consider a continuous family of noncompact N = 2 representations with a defi-
nite J&I () charge in the range (p-69), which is drawn as a semi-infinite line in figure . As
we discussed, such a family in the partition function is accompanied by a residue contri-
bution, which has a conformal weight yet lower than the lower bound of the continuous

spectrum by an amount equal to the exponent of (5.65). For the holomorphic part, it is
found to be

2
(Jéj(l) _ (kmin —+ 4)(ncluster + %))
- 2(kinin + 2) (kimin + 4)

The lower bound of the continuous spectrum (which can be read off from the level-2(ky, +
2) (kmin + 4) theta function) is

(5.70)

U(1) 2
L . 2) (kmin + 4) Jo (5.71)
4 24 + 2(Fmin + i 2(kmin + 2) (kmin +4) | '
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Adding (5.70) to (b.71)), we find the conformal weight of the residue contribution

u@ 2
Nclus er“‘l J, C -1 1 1
L R e e e (TR R

where

K
K—2

ks = (5.73)
is % of the central charge of the noncompact N = 2 CFT. (p.79) is precisely the series of
equations of the boundary lines surrounding the polygonal region of the N = 2 unitary
representations [4] (figure [). Thus we have shown that they are indeed the N = 2
representations coming from the discrete series of SL(2,R).

It turns out that the states with the total conformal weight % exist only in the nqyster =

0 and neuster = —1 clusters. If neyster = 0, (5-67) implies that the “Liouville fermion
number” (that is, the number of the fermion oscillators of the noncompact N = 2 CFT)
in the NS sector F") (= F(N9) takes values 0,1,.... (The R sector can be analyzed

in the same way as done below; anyway the supersymmetry ensures that the massless

spectra must be identical.) For massless states F(NS) must be 0 or 1 because otherwise

the conformal weight h exceeds % The noncompact N = 2 CFT representations in the

(1)

§) .
Neluster = 0 cluster have J charges in the range

kmin 3kmin
5 +2< 70 < . (5.74)

The upper limit for massless states is much stronger than this:

kmin

2

+2 < JVW < ki + 2 (5.75)

because otherwise the straight-line boundary, on which the discrete series resides, already

goes above h = % Therefore, there are % different possible JSJ @ charges

kmin -1
W = ki +2—j (j:O,...,T) (5.76)

Since it does not contain J(}I m 0, FNS) needs to be 0 and we look for h = % combinations
of states of the noncompact coset and N = 2 minimal CFT sectors. It turns out that for
every j above, there exists precisely one Fjgr which contains an A = % combination; this
is Fj,j_,_g. Indeed, it contains NS-sector terms such as (See appendix.)

B (r,2) - g1 = q1x0(7,0)(©02(7,0)00,2(7, 2) + ©22(7, 0)025(T, 2))

z
“O 2 2(kmin42),2(kmin42) (kmint4) | Ts 57— | T+~
]+ ( min+ )7 ( min+ )( mint ) ,kmin _|_4
1_ Cmin 4 J + (=i +kmint+2)* —j+kmint2
=gt = 2(kpmin+2) Q(kmin+2)(kmin+4)y Fmintd 4 ...

: (5.77)
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where we have taken into account the extra factor of q% because of the shortage of the
eta (or theta) functions'! in the denominator of the partition function. If we include the
imaginary-momentum contribution () with neuster = 0, we have the conformal weight

2
y kmin+4
4 24 2(kmin+2) 2(kmin+2)(kmin+4) 2(kf'min‘|’2)(k7min ‘|‘4) n 2 ’ '

. ~ A A(HNS L
Since Fjjto = Fi i —jkmn—i+2 (B-49), Fl(ltr)z give rise to an h = % state for every | =

0,1,...,kmin. The character of the N = 2 minimal model is X;’O. The anti-holomorphic
sector is similar. So for the Ay _. 1 modular invariant there are % complex scalars in
the NS-NS sector.

Taking also the Ramond sector into account, each NS-NS complex scalar becomes
a part of a single hyper-multiplet for type IIA (since the two massless Ramond-Ramond
states are spacetime scalars), and a single vector multiplet for typellB strings (since the
Ramond-Ramond states become the two helicity states of a massless vector).

Next we turn to the nguser = —1 cluster. In this case (5.67) and (5.69) require that
the NS-sector Liouville fermion number F(NS) takes values > 1. This means that the

Liouville fermion already “spends” the maximal conformal weight for massless states (that
is, h = %) so that the remaining CFT sectors can only associate an h = 0 state with it. In

this neuster = —1 cluster, JSJ ™) takes integral values in the range
Kmi Ko
— 2 < T < o, (5.79)

ey

and indeed contains JSJ = 0. The family of noncompact N = 2 representations with

J(? M) — 0 are contained in several 13}727,’5, among which
~(— 1 1
F0(70)NS(T, z)-qi = qZXg’O(T, 0)(©0,2(7,0)022(T, 2) + O22(7,0)O¢ 2(T, 2))

z
*©0,2(kmin+2) (kmin+4) <T , m) o (5.80)

only gives rise to an h = 0 combination of states of the noncompact and minimal N = 2
CFTs, if the effect (p.70) of the imaginary-momentum factor is taken into account. Since
JoU(l) = 0 for the ngyster = —1 cluster of 133\7108(7', z), (b.70) becomes

kmin +4
(.70 = " Bk £ 2)’ (5.81)

1o read off the conformal weights of the internal CFT representations from ), we write the denom-
inator as an integer power series of ¢ with an overall ghost ground state factor (in the spherical worldsheet
coordinates) of q%. In the usual critical strings, this factor may be thought of as provided by the 12 eta
functions coming from the 8 transverse bosons and the 4 complex fermions, that is, the normal ordering
constant factor in the cylindrical worldsheet coordinates. In the present case, we have only one 9; and
three n’s (one from (p.6() and two from the transverse bosons (@)), so we need to multiply both the
denominator and the numerator by g4. This is the Liouville energy, which makes the tachyon be massless

in two-dimensional string theory.

— 32 —



which cancels the extra conformal weight of the continuous series % — o The first level-2
theta function with z = 0 comes from the complex fermion of the transverse spacetime
dimensions, while the second level-2 theta function is the one from the Liouville fermion.
©2,2(7,0)0¢ 2(7, ) contains a term q% (y*t'4y~1), of which q%er:l has F(NS) = 1 and corre-
sponds to a discrete state. On the other hand, although O 2(7,0)©0 2(7, 2) has Zq% in the
expansion, they have FINS) = 0 and hence do not correspond to discrete states. Combined
with a similar state in the anti-holomorphic sector, this h = % state becomes a real scalar
in the four-dimensional spacetime. Since Fo,o = F kmin,2(kmin+4)» Uhere is another real scalar.

Taking account of the Ramond sector again, they constitute a single hyper/vector
multiplet for typelIA/IIB strings. In all, for the Ay_. 11 modular invariant with odd ki,
there are W massless hyper/vector multiplets for typelIA /IIB strings. % of them
have NS-sector discrete states in the nguster = 0 cluster, whereas one has those in the
Nealuster = — 1 cluster. R-sector discrete states are all in the ngyster = —% cluster.

In usual “compact” Gepner models, where the internal N = 2 CF'T consists of only
the N = 2 minimal models, the internal h = 0 state is always accompanied by a graviton,
an anti-symmetric tensor and a dilaton, with their superpartners. In contrast, we have
only a massless scalar in the spectrum and there is no localized massless graviton due to
the constraint FNS) > 1 for ngygper = —1.12

We should also note that, although the massless state in the n¢yger = —1 cluster comes
from the free boson module Hy g, it does not contain the identity representation module of
the noncompact N = 2 CFT because that massless state is made of a combination of |0) in
the free boson module and an F(NS) = 1 state in the free fermion module. This combination
of states has h = % and hence is not contained in the NV = 2 identity representation module.
This can be seen by the fact that the generic (reducible) N = 2 character with h =0, Q =0
is decomposed into irreducible characters of the identity representation and two discrete
series representations with h = %, @@ = 1. This is consistent with the fact that the identity
representation of SL(2, R) does not correspond to a normalizable mode.

5.6 Massless spectra for even kp,,: a gapless' spectrum

Massless spectra for even ki, are similar to those for the odd case, but there is a cru-
cial difference. After the contour deformation discussed in section .4, some families of
continuous series “leave behind” discrete series as pole contributions if

kmin +4

+ (Fmin+ ) Netuster < Jo ) < <T+(kmin+4)ndustor> Fhmin+2, (5.82)

kmin +4
2

where ncuster is given by (5.69). Like in the case of odd kpin, only the neyuster = —1 and 0

clusters are relevant for the massless spectrum. In the nguster = 0 cluster in the NS sector,

massless states only come from noncompact N = 2 representations with A < %, so the

12The author thanks T.Eguchi and Y.Sugawara for discussions on this point.

13Here by “gap” we mean (1) literally an opening between the end of a continuous spectrum and a discrete
state lying on a segment, and (2) a mass of a state. In both senses there is no gap for the states indicated
by arrows in figure .
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upper limit of (5.69) is lowered to

min 4
k 2+ SJOU(l)

< kmin + 2. (5.83)
Since kmin is even, the contours before and after the deformation can “hit” the pole if JOU &
is at either of the two ends of the domain (f.82). For the restricted range (5.83), the pole can
still be located on the contour after the deformation if JOU () s at the lower limit (= W)
This means that the continuous spectrum already reaches the boundary of the unitary
region (figure fl). Depending on how the contour is deformed to circumvent this pole, the
residue may or may not contribute to the partition function, and irrespective of how it is
deformed, there exist a continuous spectrum of modes arbitrarily close to the discrete mode.

As we discussed in [}, a generic N = 2 representation becomes reducible at the
boundary of the unitary region, where the generic character is decomposed into a sum
of characters of discrete (including the identity) representations. Also, in that paper we
interpreted this massless state as the geometric modulus of the conifold. In this paper,
we regard the geometric moduli of a singular Calabi-Yau not as a part of the continuous
spectra, but as pole contributions to the partition function. In the conifold (kpyi, = 0) case,
there is another massless multiplet from the n¢uster = —1 sector, which has a nonzero mass
gap below the lowest end of the continuum and hence may be identified as the geometric
modulus. Since the (deformed) conifold has only one modulus (the size of the S3), this
would imply that the gapless state does not correspond to any topological cycle for general
even-kp,;, models.

(1) _ kmint+4 (1)

Besides the gapless spectrum at JSJ = ~mig=— there are km% possible J(}I values

which give rise to massless states, similarly to the Ky odd case. Again Fj,j_,_g and

Floin—ikmin—j+2 (J = 0,..., k'gi“ — 1) correspond to such states. The all reside below the
lowest limit of the continuous spectrum with a finite mass gap. The n¢uster = —1 Sector is
also similar to that for the k;, odd case.

To summarize, for the Ay . 41 modular invariant with even kmyin, there are (excluding
the gapless one) kL2i“+1 massless hyper /vector multiplets for typelIA /IIB strings. Similarly

to the knin odd case, k‘gi“ of them has NS-sector discrete states in the ngyuster = 0 cluster,
and one has those in the nqyuster = —1.
We should note that the pattern of the chiral ring structure has already been recognized

in [[[J). The recognition of the gapless spectrum for the even ki, case is new, however.

5.7 Separation of the discrete series for heterotic strings

Massless discrete spectra for heterotic strings can be similarly obtained from the heterotic

conversion of (f.6):

— Y N; >

1l r€Zy, . taty

2F]St (7, 2) (2F} o, (7, 2))*

(5.85)

k—1 ~

YT (r2)| ) ()
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(b) The kmin = 2 case.

Figure 6: Spectra for even kyj,. The small circles show the locations of the massless discrete

states. Some continuous spectra reach the boundary of the unitary region (the arrows). The N = 2
uU(1)

U(1) charge Q is = ernOm+2‘

where Flhfﬁ is ﬁ}giXEs or 151?3(32) given in appendix. In this case we search for h = 1 states
for the left (holomorphic) sector.

h =1 states in F Jh§3-2 with odd kmin
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As we did in the type II case, we first assume that k. is odd. We have seen in the

; : r(+)NS - kmi _1 ;3 .
previous sections that F; ;1o (1,2) ( =0,...,782 — 1) has h = 5 discrete states:
) 2
1 <7j+kmin+27@2rﬂ
Fj(—;j};ls (7'7 Z) . qZ_ 2(Fmin+2)(kmin+4)
) 2
(b - fmigett .
— 1~ . . .770
— q4 2(kmin+2) (kmin+4) (X_] (T, 0)@_2j+2(kmin+2)72(kmin+2)(kmin+4) (T, 7]{} ) +4>
min
z

kmin_j,o' 0 @ . _ e
+X_(kmin_])(7—’ ) _2.7_472(kmin+2)(kmin+4) (T’ kmin + 4> + >
(00,2(7,0)00,2(7, 2) + O22(7,0)O2,2(7, 2)) , (5.86)
where we have written out the m = j + 2 (as well as the m = j) term in (B.34) because
it becomes relevant for the heterotic massless spectrum. Also, we have already included

the factor from the imaginary momentum. If it is converted to the heterotic versions, the
level-2 theta functions with argument (7,0) change as

_ Vs 404 (93)° — (194)53(158)

Oo2 = 5 ot , (5.87)
9 — U3 ; Uy . (793)52—?;4(194)5B(E8)7 (5.88)
and also for the SO(32) theory as
Oy = 3 ;L LI (193)132;12(194)13, (5.89)
9yy = 3 3 U (193)132:722@4)13 (5.90)
The h = % states come from the lowest term of
Js ;794(7, e *2”94(7,2) M . LEYRNE ; Vi =14, (591)

which is converted to (besides the eta functions)

93 — 93 D5 + 0 93 4+ 93 D5 — 0
32 2(7,0) 3; L7, 2) + B2 ) 32 Lr,2) =10g7 + 2 (y+y ) +- -
(5.92)
for the Eg x Eg case (B(F8) =14 ...), and
PL3 _ 13 Ds + 0 913 4 913 Vs — 0
: 2 - (7,0) 3; Lroz) + =2 —; - (7,0) 32 L7, 2) = 2602 + q2(y+y 1)+
(5.93)

for the SO(32) case.
As we have shown in (.79), the first term on the right hand side of (f.86)) starts from

g2y ‘Fwmint? | This is in the neyster = 0 cluster. Either a transverse or a Liouville fermion
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may be excited. Therefore, (5.99) shows that there are (104 1) h = 1 states in the Eg x Eg

theory; the latter singlet comes from q%y which has F(NS) = 41, while q%y_1 does not

corresponds to a discrete state because F (NS) — _1 is not allowed in the Neluster = 0 cluster.

Similarly, we can see from (f.99) that there are (26 +1) h = 1 states in the SO(32) theory.

—j—2

On the other hand, the second term of (p.8) has also an expansion q%y’“min+ 4
This is in the nguger = —1 cluster, and therefore it did not produce any massless states

in typell theories. However, with a Liouville fermion excitation, it is allowed in heterotic
theories. This gives another h = 1 state for both the Fg x Eg and SO(32) theories.
Next consider the R-sector terms of F(T) (1, 2):

J:J+2
1 Fmint4 2
1 —Jtkmint+2—- 15—
E]‘(7j3‘1;(7—7 Z) . qz_ 2(kmin+2)(kmin+4)

2
) kmin+4
(7]+k in+27_2%%__

1 .
_ i . . Ji1 o
= q4 2(kmin+2)(kmin+4) <Xj+1(T’ 0)9_2j+kmin72(kmin+2)(kmin+4) <T, k T 4> + .- )
min

. (@172(7', 0)@172(7', Z) + @_1,2(7', 0)9_172(7', Z))

. kmg
—j+ %m

1 2 2
= (qiy Fmintd 4 ... ) (@1,2(7', 0)@172(7', Z) + @_1,2(7', 0)@_1,2(7', Z)) . (5.94)
This is in the nguster = —% cluster, and so the y+% terms survive. Through the heterotic
conversion,
Do + 0 Dy + 0 Wy — 0 By — 0 1
L () (1) + o (1. 0) P (,2) = qi(y? Fy ) - (5.95)

(: @172(7', 0)91,2 (T, Z) + @_172(7', 0)9_172(7', Z))
is replaced with

93+07, Vo + 03 -0), Vs —1 :
2, 0) 2 (7, 2) + 2 (5, 0) 2 (7 2) = 1608 (yE -y

=

)+ (5.96)
in the Fg x Ejg case, or

913 4 913 9o+ 913 _ 913 9y —D
L (r,0) 2 )+ T (1, 0) 2 ) = 2 () e (5.97)
in the SO(32) case. (5.96) shows that there are sixteen h = 1 states in the Ramond sector
of the Fg x Fg theory, while (b.97) implies no h = 1 states in the Ramond sector of the
SO(32) theory.

Summarizing the h = 1 states in ﬁ}hjﬁrz (j=0,..., kLi“ - 1), ﬁ}%‘fQEB has

10®1® 1 (NS sector), 16 (R sector)

of SO(10), while Fjs’;)gz) has

26 ®1 @ 1 (NS sector), no states (R sector)

of SO(26). Taking into account the right moving part and also the symmetry F]h?jﬂ =
Fhet

o — i Kot —+27 they become D =4, N =1 chiral supermultiplets.

— 37 —



h =1 states in F&%t with odd ki
Just like the type II case, there are also h = 1 states that contribute to Fg"%t. Before
the conversion, the NS-sector terms are

~(_ 1_ kmin+4
éO)NS(T7 Z) cq1 3kmint2)
1 ki +4
17802y [ 400 z
= q4 $kmin +2) XO (T7 0)9072(kmm+2)(k3mm+4) T’
kmin +4

0,—2 <
52 (7,0)0 49k, . . —= )+
X2 (75 00O 9 (ki +4).2(kumin +2) (i +4) <T’ kmin+4> * >

+(©0,2(7,0)O2,2(7; 2) + O2,2(7,0)B0 2(, 2)) - (5.98)
FSB)NS (7, 2) gives rise to no h = 1 states and hence is not written here. We again included
the Liouville energy and the imaginary momentum factor. As we saw in the type II analysis,

min

this cancels the q_cT of the N = 2 characters, giving

(r2)+ B0 B ) )

U3 + V4
2

U3 — Uy
2

(7,0)

:(q0y0+...+q1y1+...)<
(5.99)

In the Eg X Eg case, this is converted to

93 — 93 3 — 10 93 + 95 I3 + 0
— (q0y0+---+q1y1+~-)< 3 5 4(7,0)=2 5 4(7’,2’)4‘%(7’,0) 3 5 4(7,2)).
= (" + gy ) (0 (T T TR (5.100)
The ¢y° term corresponds to a state in the ncyuster = —1 cluster. Therefore, only terms

with F(VS) > 1 (that is, those containing 37! as a factor in the second parenthesis) are

relevant for the discrete spectrum, as long as LgL(ZR) = 0. This gives 10. While states at

LgL@’R) = 0 in the module HiL((g 52 ) have Jg§ charges
K K 2
K K K
JB=—2, -2 -1, —=—2,..., 5.101
0 2 ) 92 2 ( )
those at LSL@’R) = 1 have
K K K
JB=——41, —=, —=—1,.... 5.102
0 9 + 1, 27 2 ; ( )
Therefore, for states at L(S]L(z’R) = 1, the condition FNV9) > —nj ter is relaxed to FVS) >
—Neluster — 1 = 0. In this case, ¢°y° can also be paired with “1”, with a total conformal
weight h = 1 due to LSL@’R) = 1. This is a singlet.

The ¢'y' term is in the ncyster = 0 cluster. This can be paired with “1” and gives rise
to another singlet of SO(10).
In the SO(32) case, (p.99) becomes

9913
2

V3 —1y

(7,0) (1,2)+

13 13
B ) 2 ).

= (q°y°+---+q1y1+~')<
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= (g ) (26 (T T T ). (5.103)
A similar analysis shows that there are one 26 and two 1 of SO(26).
Finally, we consider the R-sector terms of F; th

( % 8kkmin+42
FO 0 ( ) ( minT )
1
4

k

nin+4
8(klmm+2) 0,~-1 T 0 @ X . . T # _|_ .
q (X—l ( ’ ) km1n+472(kmm+2)(kmm+4) ? kmln + 4

. (@172(7', 0)6_172(7', Z) + @_1,2(7', 0)@1,2(7', Z)) .
= (giy2 +--+) <q5(y+% +y72) 4 ) : (5.104)

In the Eg x Fg case, this is converted to

. (qiy%+...)(16q%(y+%+y‘%)+~')- (5.105)
Again, qiy% is in the ncuster = —% cluster and hence chooses only the first 16. In the
SO(32) case,

—>(q%y%—|—---)<212q4(y Ity %)+...>7 (5.106)

and therefore no h = 1 states.

In all, F het has exactly the same set of h = 1 states as an F het 4o does.

Massless spectrum for even knin

For the Ay, +1 modular invariant model with ki, odd, we have seen that there are
w sets of massless N = 1 chiral multiplets, in the 10 ® 1 & 1 & 16 representation
of SO(10) for the Eg x Eg theory, and in the 26 @& 1 @ 1 representation of SO(26) for
the SO(32) theory. For the Ay _. +1 modular invariant model with kni, even, we have
similarly m‘“ + 1 sets of massless N = 1 chiral multiplets in the same representations.
In addltlon, there also exist non-localized “massless” matter fields corresponding to the
continuous series representations that reach the boundary of the unitary region, as is the
case in the type II spectrum.

6. Examples

6.1 Type II massless spectrum for kp;, =1

The central charge of the N = 2 minimal model is ¢y = 1. The central charge of the
SL(2,R)/U(1) coset CFT is then 9 — 1 = 8, and hence

16 6
=—, k=-. 6.1
The string functions for ki, = 1 are simply

5(mod2)
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where [ = 0,1. The knjn = 1 minimal characters are

(mod2)
l,s _ Umyl+s E
Xm (T7 2) - 7’](7’) (—)2771—3876 (T7 3) . (63)

To find the massless spectrum, it is convenient to use the formulas for 13‘1727» () given
in appendix. Since

F1,27’ = F0,5—2r7 (64)

we only consider [ = 0. Then r takes values in Zs. Setting knn = 1, we obtain

) () = 2\ 1;

0,27“(7_7 Z) - ,’7(7_) 6—47“,5 <7—7 5) 2A2(T7 Z)v (65)
~ 1 2\ 1+

(5,—52(7, z) = W®—4r+5,5 <T, 3) 51\1(7, z). (6.6)

The NS- and R-sector spectra can be considered separately by writing

Ai(7,2) = ATS(r, 2) — AR(7, 2), (6.7)
%A?S 7,2) = 011(7,2)0(0,0)(7: 0, 2), (6.8)
%Alf(f, 2) = ©p1(r, 2011 (730, 2) (6.9)
and

Ag(7,2) = AJB(r,2) — Af(7, 2), (6.10)
%Alz\ls(ﬂz) = 00,1(7,2)0(0,2)(73 0, 2), (6.11)
SAB(r,2) = 01,1(7,2)00 (730, 2). (6.12)

where
O (T52,2) = D Ourana(T,2)Ou40,0(7, 7). (6.13)

vEZ>o

We define FI(;,)NS as formulas similar to (B:33), (B:39) but with As(7,2), Ai(7,2) being

replaced with A2NS(T, z), IAXII\IS(T, z), respectively, and

. 1 /.0 .
NS _ (5)NS . A(4)NS
[,2r = 5 ( 1,2r + ‘Fl,2r > : (614)

Among them, only FOI\IOS, 13'0N§ 4 and FOIYJSFQ(: Fgfg) have theta functions whose U(1) charges
are in the ranges (5.69).

F&IOS(T, z) has an expansion

» ~(—)NS ~ NS
260 (1,2) = (B + Ey ™) (7, 2)
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o A Rt U I D)
-

0,5 %)@o 1(7,2) ©(0,2)(730,2)
1 - p—
+ﬁ(Q(y2+y +2)+- )1 +2q+y ) +-). (6.15)
O5 5(7’7 )@1 1(7,2) ©(0,0)(7;0,2)

The cluster number njysier can be read off from the power of y in the expansion of
O.45(T, £)O4,1(7, 2); if the power satisfies

1 k+1
g tn< (The power) < % +n (6.16)

for somen € Z (¢ Z + %) for the NS (R) sector, then ncjyster = 7.

The first line of (f.15) contains “1” in the first parenthesis; this is in the ncuster =
—1 cluster, for which F®NS) > 114 Therefore, it can be paired with q%y in the second
parenthesis, but not with q%y_l. The second line has no q% terms. Thus we found a single
h = % state in F(%S(T, z).

Also F&S (1, 2) is expanded as

A 1 1 — NS
2ENS (7, 2) x 45 = ¢35 (B, + By yN)(r,2)
1
qs 4 _2 1
77(T)( (g2 ( ) )
©-4,5(7,2)00,1(7,2) ©(0,2)(7;0,2)
g5 141 1 1 1
+n(7)(q20 Tyt (yz +y72) 4+ )1+ 2y +y ) + ), (6.17)

041, 5(7', )@1 1(7,2) ©(0,0)(7;0,2)

where we have included the factor!® of q% coming from the extra weight

1 Cmin o 5
4 24 24 (6.18)

because of the shortage of the eta functions in the denominator of the partition function,
minus the “drop” coming from the imaginary momentum of a possible discrete state

2
(o L, F 2 kin +4 (01 1
— O — — —_ = — — 1
k (‘] 2" 2> 2(kmnin + 2) \ Fonin +4 2 cluster o (619)

(% - 1—é0 = %) In this case the term q5+*+1yﬁ+§ = q2y5 in the last hne indicates
a massless discrete state in the nguster = 0 cluster, while the other q2y 1% is in the
Neuster = —1 cluster, for which FNS) must be > 1, and does not corresponds to any

discrete states.

To be sure, F®S) here is the fermion number in the NS sector defined in section?, which should not be
confused with FZI’\IQST (7, 2).

5For Fé\los such a factor is absent because in that case the imaginary momentum factor precisely cancels
the extra conformal weight of the continuous series.
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4 A
. 4 ~ANS 4 . . 5 . . .
We can similarly expand ¢30 F07_4(7', z) (where 55 is again ; minus the imaginary

momentum contribution 4%), but can find no h = % states.

Therefore, for the As modular invariant (in which ki, = 1), we find two massless
states in the NS-NS sector, one from F(%\IOS(FONOS)* and the other from Fost (Fost)* Due
to (6.4), 13'11\155(13'11\]55)* and 13'11\175(13'11\175)* are also in the summation (H.64).

We study the Ramond sector in a similar way, and find as many h = % states as in
the NS sector due to the supersymmetry. All in all, they are two vector multiplets for the
typellA case and two hypermultiplets for the typellB case, as we discussed in section p.5.

6.2 FEg x Fg heterotic massless spectrum for k., =1

Next we turn to the Fg x Fg heterotic string compactification. Again, we set knin = 1. As
we did for Al and Ag in the last subsection, we write

AP (r,2) = AP0, 2) + AP, 2), (6.20)
lAEgXEg,NS
21 e 2 _ 01,1(7,2) (BI (7, 0) B (7, 2)+ B§'” (7, 0) B (7, 2)) B (7, 0),
(6.21)
lAEsXEg,R
20 = 0(na) (B 0B () + B (1008 () B (0,
(6.22)
and
A7 B8(7, 2) = B PN, 2) + Ag* (7, 2), (6.23)
lAEgXEg,NS
22 rve "2 _ og4(r,2) (B (0B (7. 2) + BV (7,0) B2 (7, 2) ) BE)(7,0),
(6.24)
lAEgXEg,R
22 7714(7_)(7-’2) = 011(7,2) <B§10) (1,0)BA (1, 2) + BSO) (T,O)Bg) (7, z)) BEs) (1, 0).
(6.25)
Then
Bl e(r,2) = (BN + B f) (r,2), (6:26)

Let us first consider 2FOE§XE8:
2F0]?§XE8’NS(T,2) _ (Fol?ngs,(—)Ns +F01?§xEs7(+)Ns> (7,2),

1 1. 1.
= 5 (005 (1 2) JAE () 4 03 (1 £) AN )

n(7) 5 =
— %(1+Q(?J+y—l)+...)( 1+q(10y+10y—1+40)+.”)

90,5 (T,%)@O,l(ﬂZ) Fermion theta fns. of %AEBXES’NS(T,Z)
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toslat ry ) 4 g3y +y~t +10) + ), (6.27)

Egx Eg, NS( 72)

Os 5(7', )91 1(7,2) Fermion theta fns. of A

2F£§XE8,R(T7 2) = (FO%XE&(_)R _|_FOJ?SXE87(+)R> (1,2),

_ 1 z EAESXE&R Z EAEstg,R
= (90,5 (775) 2A2 (1,2) + Os55 (775) 2A1 (7,2)

= (q4(y2+y%)+~-)( 1607 (y2 +y72) +--- )

Egx Eg, R( ,Z)

@O,o( 7g)@1,1(772) Fermion theta fns. of % A

+%(q3(y%+y‘%)+-”)( 1603 (y2 +y 3+ ). (6.28)

O5 5(7'7 )@0 1(7,2) Fermion theta fns. of AESXE8 R( \Z)

In this case we look for h = 1 states. Again, we can know which cluster the spectrum
belongs to by the power of y in the expansion of O, 5(7, £)0.1(7,2) because they arose
from the composition of the U(1) theta function (and the minimal N = 2 theta function
which has no J{° charge).

In the first line of (f.27), the term “1” in the first parenthesis belongs to the nejuster =
S0, R)( 0) state, F(N) must be > 1 and it can be
paired with 10qy, but not with 10gy~". This gives a single 10 representation of SO(10).
As we noted in section f.7, if J¥;|0, —%) (rather than [0, —%)) is chosen as the state in the
SL(2,R) module HSL((2 R)) then F(NS) is relaxed to > 0 and the two “1”s can be paired.
This gives a singlet.

—1 cluster. Therefore, with a lowest L
1

The “qy” term is in the n¢yuger = 0 cluster and can be paired with 1 in the second
parenthesis. This is another singlet. On the other hand, the “qy~!” term is in the ngyster =
—2 cluster and F™® must be > 2. Therefore, it does not give rise to any h = 1 states.
Also, no h = 1 states arise from the second line of (f.27). A similar analysis can be made
for the Ramond sector (6.2§). This confirms sixteen h = 1 states from the first line. In all,
we find a set of 10 +1+ 1+ 16 = 28, h = 1 states in 2F£§XE8.

Next we consider 2F ESXES

ZF(ESXE&NS( FEgXEg,(—)NS +FE8XE87(+)NS) (7_, Z) % q%

1
T, Z)Xq5 = < 0,2 0,2

_gs 2\ 1 2 Bgx B NS 2\ 1 2 Bgx B NS
= 7_)<@_4,5<7', > A (T,Z)+@175<T, > A (1,2)

n( 522 5/2°1
q% 4 _2 -1
_n(T)( ¢y 5+ )(1+¢(10y+ 10y~ +40)+---)
©_4 5( f)®0 1(7,2)  Fermion theta fns. of 1 AE8><E8 NS(TZ)
q% _2 1
+ (q10(y5+y )+ g2y +y+10) +--- ), (6.29)

@1,0( 7g)@1,1(772) Fermion theta fns. of AE8><E8 NS(T z)

FESXE&(_)R +F£§><E8,(+)R> (1,2)

HEsxFEg, R L 1
2F0,2 (1,2)xq5 = 0,2 Z) X ¢5
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1
5 FAN AN
= 1 (90,5 <7', —> §A§8XE8’R(77 2)+0Os55 <7_7 —) §A1E8XE8’R(7', Z))

n(r) 5 5
1
5 2L 9 3 1 1
= U%T)(q%(y%er_ﬁ)Jr---)( 161 (yz +y~2)+--- )
67475(7—7%)9171(772) Fermion theta fns. of %AngEs’R(ﬂz)
1
5 101 3 1 1
+ d ( qo Yy + ... )( 16q1(y§ —|—y_§)_|_... ) (630)

()" ———
91,5(7'7%)@0,1(772) Fermion theta fns. of %AlESXEB’R(T,z)

The first line of the NS-sector expansion (p.29) contains one ¢! term (= q%+%y_%), but
it comes from the neyster = —1 cluster for which FNS > 1 (that is, “1” in the second
parenthesis cannot be paired), and hence does not give rise to a discrete state. The second
line has terms proportional to q%+%+% =q"

q (y% +y‘§) (104+y+y"). (6.31)

y% is in the ngyster = 0 cluster, while y_% the nejuster = —1 cluster. Therefore, due to the

i : 2
constraint, only qyg - 10, qyg -y and qy~ 5 - y correspond to discrete states. The first is
in the 10 representation, while the latter two are singlets. The R-sector expansion (6.3()

similarly gives rise to a 16 of SO(10) from the second line of (6.30).

Since the left- and right-moving EQT’S with the same 7 are paired in (f.66), and since
we have seen that (Fy _4)* has no h = § states, we do not need to consider F(fi:Es.
To summarize the kni;n = 1 Fg X Eg heterotic massless spectrum, we have found two

sets of N = 1 scalar multiplets in 10 1 &1 & 16 of SO(10).

6.3 The three generation model

Let us consider the knin = 3, A4 modular invariant model of the Eg x Eg heterotic string
theory. According to the rule we have found in section p.7, there appear three generations
of massless matter multiplets in 10141616 of SO(10), or 2761 of Eg. They are localized
on a four-dimensional spacetime. It is interesting to note that these three generations are
not on an equal footing; for example, one generation has the 10 representation from the
Neuster = —1 cluster, whereas in the other two generations it comes from the n¢uster = 0
cluster. In a more realistic phenomenological application, this fact might be used as the
origin of the differences among the generations observed in Nature.

There are no localized gauge fields. Gauge fields correspond to the continuous series
representations of SL(2,R) and acquire a mass from the Liouville energy. They propagate
into the bulk, as is the case for the graviton. This situation is analogous to the local GUT
in the standard orbifold compactification, where the matter fields in the twisted sector
constitute locally a representation of a possibly larger group than the actual unbroken
gauge symmetry.
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7. Localized modes in six dimensions

In this section we generalize the analysis in the previous sections to six dimensions. The
partition function for the internal Calabi-Yau is the same except the difference of the level
k, and it has been shown [[[J] that the discrete spectrum of it for the ALE spaces correctly
reflects their topological data.

As we did in four dimensions, we couple the internal part to a free superconformal field
theory describing the six-dimensional flat Minkowski space, perform a GSO projection in
a suitable way before the continuous and discrete representations are separated. This
is good because, as we mentioned in Introduction, the couplings between the discrete
states and the CFT for the Minkowski space are automatically consistent with the modular
invariance. A state corresponding to a discrete series representation is always associated
with some continuous spectrum of states. They arise from the same integral with different
contours. Therefore, the couplings between the discrete states and the Minkowski CFT are
not arbitrary but constrained by modular invariance of the continuous sector.

In the Calabi-Yau twofold case, the relation between the levels of the SL(2,R) WZW
and the N = 2 minimal modes is

3K 3kmin

=06 7.1
H—2+kmin+2 ’ ( )

and hence
K—2 = kmin + 2
= k. (7.2)

Unlike in the threefold case, k is always an integer for a non-negative integer kpyin.
We again consider the internal CFT partition function

_ 2
C’/ dSI/d2|@,,27'slT s9)|

|01 (T, 517 — $9)|?
[T 2 . 72
. % 2 :e_kWTzslqu6_2ﬂ2m(81T_52)an e
m,m

for v € Zy4, where m = "_2'“”, m = —% and n,w € Z. This is the same as ([L]) with a
slight change of notation, and the Poisson resummation ([£.9) has already been done. We set

(17 —s2) (7.3)

=k
m ]+2
,"Z

m = kj+ (7.4)

l\D

Since both n and w are integers, j and j run independently over Z, whereas 7 and 7 take
values in Zy;, with a constraint » + 7 = 0 mod 2k. Using this change of variables, Zé'/%(T)
can be put in the form

(,, |©y2(T, 517 — 59)|?
Z
CY O/ d81/ d 52 ‘791 T S1T — 82)‘2

Y %e_k”ﬁ% D Ouk(7, 517 — 52)(Or k(7,517 — 52))" (7.5)

r, T
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Since k = kmin+2, these theta functions are the ones appearing in Fy(7, z) (B.23), which was
introduced in [[LJ] to construct modular invariants for the ADE singularities. Therefore,
generalizing the result in the previous sections, we can easily arrive at the supersymmetric
modular invariant partition function including the discrete series contributions

et F T,81T — 8§ ﬁLTyS T—S8 *
Zpgxoy (x,) (T C/ dsl/ dsm/ (@) " SN, 1(7, 51 2) (Fj(T, 51 : 2)) ,
[n2(7)01(7, 51T — 52)|

(7.6)
where we have introduced a new set of functions
- kmll’l q
Filr,2) = gx™(r,0) (9~ 94— 03+ ) (r.2)
= Z (_1)V Z Xiﬁu(ﬂ 0) Z @21/0-‘,-1/,2 (7'7 0)@21/1 +v,2 (7'7 0)
vEZy mEZZ(kmin+2) vo,v1,v2 € Zg
vog +v1 +rvo
= 1(mod2)
“O20,11,2(T, 2)Om ki +2 (T 2) (7.7)

for I = 0,...,kmin. The z-dependences are so chosen that they match those of ([7.3).
Again, in going from Zgj%(T) t0 Zpmgxoy( Xn)(T), we have relaxed the constraint on r and
7 in order to obtain a supersymmetric partition function. As before, we can show that
ZMgxCY(X,)(T) is invariant under both the modular S- and T-transformations.

In order to separate the discrete series spectrum we define

(v) — Emin)l,v
HFl =0 P ’Hgnmm) & H2VO+V,2 ® H2V1+V,2 ® H2V2+I/,2 & Hm,kmin-i-2 s
meZo(, . 4H0, V1, V2 € D2
vo +v1 +v2
= 1(mod2)

(7.8)

where various component modules are defined in section p.]. Using this, we can express
Fy(r,z) as

~ L SL(2,R) , yN=2_, 7 @) 7 () 7 () 7 UQ)_cmint?
E(T, Z): i 1774(7_)191 (7_’ Z)Z(—l)VTI" SL(2 R)®H(u) qLO +Ly'=*+Ly +Ly +Ly +Lg min
VEZy 0
3 p(v) L gV 1
ylotE oy (7.9)

and Z s xcy(x,)(T) can be written in this case as

P 1 1
Zpsxcy (x,)(T C’Z ”/%/o dsl/o dso

v+U
Z (—1) TT<HSL(2 R)®H(u))® (HSL(2 R)®H(u))

V,DEZY +,(0,0) +,(0,0)
ks? | SL(2,R) _ W), @) 7)), 7UQ)  cmint7 U@, 1
: (]Tl+L0 LY=Ly Ly Ly L = IR s (JEH PG+ 5)

2 . . . . . . . . .
: Q%+L§L(2’R)+L{)V:2+Lf)”)+Lg”)+Lg”)+Lg“)——cm12§f7 1 (JGHF@ 417D 11
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e—2m‘sz(J3+F(V)+J§(1)—J3—F<ﬂ>—J§“))

2
NUHCI (7.10)
As before, the so integration yields the constraint
A ol COINE AL N AL AL (7.11)

the left and right hand sides of which we call J{°" and J¢ Jtot respectively.
After a similar Fourier transformation and a spectral flow operation, we obtain

(7 i
ZpexCy (x,) (T CZN” _27Tk Z (G
v,0EZy
- Tr
SL(2, R) (v) SL(2,R) (#)
< (H o ®HFI)®(H7 ,,Q)®HF_)

0o ) 5 .
/ dp q%(p_,’_l ) +LSL(2 R)+LN 2+L( )-‘rL(V)-‘rL(V)JrLU(l) cm12121+7
oo IpF I+

I L L AL 4 4150 -
—Tr
SL(2,R) (v SL(2,R) o, ,(7)
(M- G0y oM )@(H+ ooy e )
o
/ dp q k +LSL(2 R)+LN 2+L(V)+L(V)+L(V)+LU(1) IIllIl+7
oo ip+ JE + 1

(7.12)
Jéot:jéot

FSL,R) , FN=2, F() | () F () U _ emintT
Ve 2 i +LY=2 4Ly + Ly + Ly + L %>

We now deform the contour of the first trace. There is a difference here. In the
present case we have k = kpin + 2, so that k grows linearly as kpmin. Therefore, if we
change the contour of p from R to R+ % 2 , then it sweeps across many ([—] at most) pole
singularities through the deformation. (In contrast, & does not exceed two in the threefold
case considered in the preceding sections, and therefore the contour picks up at most a
single pole contribution.)

As before, the partition function gets pole contributions from the states having

_kmin +3

5 Jtot ( j(ijot) <

(7.13)

N

To see the massless spectrum, what we need to do is to find conformal weight % NS-sector
states that satisfy (7.13) and J°t = J° in

1—r
>Nyl
Ll

2 Bi(r,2) ({7, 2))"
~ 2
917, 2n()|

(7.14)

with taking into account the Liouville energy (the shortage of eta functions) and the drop
of weight due to the imaginary momentum of the discrete states. C' has been chosen to be
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k in this six-dimensional case. The R-sector states follow from supersymmetry. ([.14) is

an analogue of (p.66) and can be similarly derived.
Repeating the previous steps, we set

JB = —g—N (N=0,1,2,...). (7.15)
Then
J = =5 = N+ P 4 0
= —2 — Nctuster + Jg - (7.16)
where, again, we defined the number
Netuster = N — F©) (7.17)

€ Z for the NS sector) to label different allowed ranges of JIw, Using this number, we
0
have

1

U(1
Neluster T 5 < J() @ < MNcluster T

kmin +3
5 _—.

5 (7.18)

Unlike the threefold case, these ranges overlap with the neighboring ones. The imaginary
momentum factor is (for the holomorphic part)

u(1) 2
q_ m (JO - % _nclustcr) ) (7 19)

Note that due to ([.19) and ([-17) a discrete state must satisfy F*) > —nguser, the fact
already used extensively in the threefold analysis.

Let us find weight % state contributions to the NS-sector (v = 0,2) terms of

Fi(r,2) (ED).

If v = 0, at least one of the fermion theta must be O3, and Xf&? is (anti-)chiral
primary for m = +I.

If m = +I, we see from ) that, among several choices of n¢jugter; @ lower nejuster
results in a larger drop of conformal weight. On the other hand, if nguster is negatively large,
FW > —Ngluster Means that the Liouville fermion number F' ) is also large. It turns out

that neuster = —1 gives the lowest value of conformal weight. In this case, the power of ¢ is
é T l 2 _8kk@n2+4kl.2 2" % _4(kl+~1)22 :%'
, ( min + ) ( min + ) ( min + ) . , ( min + )
Liouville energy X?!;LV (S ©2,2 imaginary momentum factor
(7.20)
If m = —I, then nguster < —1 and it does not give any weight % states.

Next we consider v = 2. In this case all the fermion thetas can be ©g > simultaneously.

min_l,o

o2 = an+kmm+ is (anti-)chiral primary for m = £(I + 2).
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If m =1+ 2, then the lowest conformal weight arises from nuster = 0. The counting
of the various contributions is

1 f Fwn =l Kww (4 2)? B _ 1
\8,_, 2(k‘)min + 2) 8(kmin + 2) 4(kmin + 2) 4(k’)min + 2) 2
Liouville energy b Om ki +2  imaginary momentum factor
(7.21)

On the other hand, if m = (I + 2), there are no weight % states.

Therefore, we have seen that there are two NS-sector states of conformal weight %
for each Fj(7,z). Such states in the R sector must also be two. As is seen from their
imaginary momentum factors, these four states have a common J{°* charge, and therefore
the Ji°t = Ji° paring can be done as a supermultiplet. In the Aj_ . |i-type modular
invariant theory, in which the holomorphic and anti-holomorphic combinations are (fully)

diagonal, there are
(ZNS 3, ZR) ® (2NS S 2/}{) = 8bosons S 8fermions (722)

for each I = 0,..., kmin. If 2r and 2} are the doublets of the same SU(2) factor of SO(4)
(type IIB), the multiplet contains an anti-selfdual tensor. If, on the other hand, they are
the different ones (type ITA), the multiplet is a vector multiplet.

This spectrum of massless states are precisely the ones expected from the geometry of
the ALE spaces. This fact has already been anticipated in the analysis of [[3J). They are
opposite to the NS5-branes, and this observation is in agreement with the T-duality [ff.

8. Summary and discussion

In this paper, we have considered type II and heterotic string compactifications on an
isolated singularity in the noncompact Gepner model approach. We have mainly studied
the threefold case, but also briefly discussed the twofold case. The conifold-type ADE
singular Calabi-Yau threefolds are modeled by conformal field theory, which is a tensor
product of the SL(2,R)/U(1) Kazama-Suzuki model, an N = 2 minimal model and a free
conformal field theory describing the four-dimensional Minkowski space. We have used
the result of [[L3] to construct new space-time supersymmetric, modular invariant partition
functions for both type Il and heterotic string theories, thereby the issue in the earlier
noncompact Gepner models — the absence of the localized modes — has been resolved.
We have investigated in detail the massless spectra of the localized modes. There are
differences between when the level of the minimal model ki, is odd and when it is even.
In particular, we found gapless spectra of continuous series representations in the even
kmin case. The summary of massless spectra for various cases is shown in table 1. Among
them, we have shown that the kn;, = 3 compactification of the Eg x Eg heterotic string
has three generations of matter fields in the 27 @ 1 representation of Fg. They are not
on an equal footing, and we propose that this model is worthy of further exploration as a
viable alternative string model for the Eg unification.
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0Odd Emin

Even kyin

Type ITA

Type IIB

FEs x Eg heterotic

SO(32) heterotic

W hypermultiplets

w vector multiplets

w chiral supermultiplets

in104 1@ 16 16 of SO(10)
(or 27 &1 of Eg)
W chiral supermultiplets
n2601¢1
of SO(26)

kL2in + 1 hypermultiplets

(+gapless)
kinn + 1 vector multiplets
(4+gapless)

kL2in + 1 chiral supermultiplets

in10®1®1® 16 of SO(10)
(or 27 ® 1 of Fg) (+gapless)

kL2in + 1 chiral supermultiplets

n260191
of SO(26) (+gapless)

Table 1: A summary of four-dimensional massless spectra for the Ay_. 1 modular invariant model.

min

In the twofold case, we have confirmed in the type Il case that the massless spectra
of localized modes are consistent with the T-duality between the ALE spaces and the
systems of NS5-branes. Although the heterotic cases have been omitted in this paper, the
conversion can straightforwardly be done and will be reported in a future publication.

There are no localized gauge fields (nor localized gravity) in this model. If we interpret
the Virasoro condition as the wave equation, as we usually do in critical string theories
on a flat space-time, then the wave operator gets a mass term from the Liouville energy.
However, we should note that, in a curved space, one cannot tell whether a field is massless
or massive by looking only at the wave operator. A well-known example is the conformal
mass in the AdS space [69). Also, in a flat space with a linear-dilaton background, the
scalar Laplacian in the Einstein frame gets a linear term in the derivative along the
linear-dilaton direction. Therefore, we must be careful when we interpret the Liouville
energy as the mass of the gauge fields or gravity. The decoupling of gravity and gauge
fields from the localized modes may be regarded as a consequence of the assumption that
the singularity is isolated. It would be interesting to explore the possibility of relaxing
somehow this assumption (by, for instance, considering first a compact Calabi-Yau and
tracing the gauge dynamics in the decoupling limit) so that their couplings may be
discussed in the framework of conformal field theory.
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A. Theta functions and N = 2 minimal characters

In the appendices below, we assume that k is a positive integer.
Theta functions.

@m,k(Ty z) = Z qk(n-i-%)zyk(n—i-%), q= e27rir, y = e27riz, (A1)
nez

where the level k is a positive integer, and m is an integer. It satisfies

@m+2k,k(7-7 Z) = Gm,k(T7 Z)u (A2)
@m,k(7-7 —Z) = ®—m,k(7_7 Z)' (A3)

The Jacobi theta functions.

U3(7,2) = (Op2 + ©22)(7, 2), (A4)
V4(7,2) = (B2 — O22)(T, 2), (A.5)
Uo(7,2) = (012 +0O_12)(7,2), (A.6)
1(7,2) = (©12— O_12)(7,2). (A7)

Here we have introduced the unconventional notation ¥, because it appears in the spectral
flow orbit naturally rather than (7, z) = —i (7, 2).
The composition formula of theta functions.

®m,k(7-7 Z)@m’,k’ (7_7 Z,) = Z ®2rkk’+km’—k’m,kk’(k+k’) (7_7 u)@2rk’+m+m’,k+k’ (T, U) (AS)
TEZk+k/
Or = > Oorkiy— kot kmyek (b k) (T: =) Ot e (7, 0),(AL9)
’r‘GZkJrk/
u= o, v=5EAE.

The SU(2);, characters.

(7, 2) = Oz = Oi-1ia (1,2) (A.10)
©12—-0_12
= > u()Omi(T,2). (A.11)
mGZQk

1=0,1,...,k The latter equation defines the string functions ¢! (7).

m
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Symmetries of the level-k string functions.

clrn+2k(T) =k jk( )= Clm(T)'

The N = 2 minimal characters.

z
Xm T, 2) Z Contr—s(T)O2met (k42) (4r—s) 2k (k+2) (T "k+ 2)’
reZy

l:O,l,...,k,WEZQ(]H_Q),S€Z4.

N (7,2) = (&0 + X2 (m, 2),
) (7, 2) = (50 = X2) (7, 2),
™ (7,2) = (it + X)) 2),
) (r,2) = (3 = X577, 2)

Symmetries of the N = 2 minimal characters.

! k—1,5+2 l
Xms+2(k+2)( 2) = Xpnphoro (Ts2) = X (T, 2)-

An identity.

W 00us(r -2 = 3 emm( 2 )xm< 2,

"k+2
mGZz(k+2) +
which can be proved by using the composition formula:

kz
Xl(k)(T, Z+u)Oo(T,u) = Z xbs(r, 2)Om k42 <T, u+

MEZy(42)

Modular transformations.

’ez
Omip(T+1,2) =e o @m,k(T z).
B. Useful expressions of Fj.,.(T,z) and ﬁ},zr(T, z)
E,ZT(Ta Z)

Let us name

@(373/)(7', Z) = Z ®s+2u,2(7—, 2)65/4_21}72(7, Z).

vEZo
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(A.12)

(A.13)

(A.19)

(A.20)

(A.21)

(A.22)

(B.1)



Then
049

O00 =Oey =—"5— (B.2)
O(,2) = O2,0) = wa (B.3)
Ou =011 = % —2“5%7 (B.4)
Ou,-1) = O = %5 ; ﬁ%- (B.5)
(©0,0©0,2) — ©1,1)O,-1) (T.2) = i <19§ — 95— U5+ 19%) (1,2)
0. (B.6)

Therefore, we can either write
1 ~
207 (r0) (94 vt = 93+ 91) (7.2)

4
= (4" (7.00000)(7.2)) ©02)(7:2) = (' (7, 0)011)(7,2)) O, 1y (7. 2) (B.T)

and use the composition formula for theta functions in the parentheses first, or write

= (10000 (7,2)) O (7, 2) = (7 (70001, 1)(7.2)) O 1(7.2)  (BS)

and do the same thing in this expression.

Let us compute (B.7) and (B.§) in two different ways. We first compute
Xl(k) (7,0)0(s,6)(7, 2). Since Xl(k) and O, 2 are composed into an N = 2 minimal character
and a level-(k + 2) theta function as shown in ([A.2(), we further combine this level-(k + 2)
theta and the remaining level-2 theta in O, ¢ (7, 2) to find

kz 2u+ kz
O 2(, —U)@m,k+2<7 =U+k—+2> =) O (k)5 2mr Ak 2)r2(e42) (k) (ﬂ- . ff)

TEZ}C+4
E(z 4 u)
.@—s/+m+4’r‘,k+4 <T7 W) 5 (Bg)
k mod m—(2r4+s—s’
X[( )(7_7 0)6(3,5’) (Tv Z) = Z Z 57(71714_52) Xlr’n, (@r+ )(7_7 Z)

r€Zypat+ 5 MELuhv2)

z
'@(k+2)2r—(k+4)m,2(k+2)(k+4) <T7 k—+2> 92r,k+4(T= 0).
(B.10)

Using (B.10)), we find
BD = > Osppalr,0) > <5£de2)@(o,2>(7=2)—5$fff)@<1,—1>(7=2))

r€Zitats MEZy(k42)

l,m—2r

z
X' (T3 2)O (2)20 — (kt4)m,2(k+2) (k+4) | T D)
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= Y Ol 0)F ) (r,2), (B.11)

TEZ}C+4+%
mod2 mod2)
= Z @2r,k+4(7-7 0) Z <5£n,l )@(0,0)(77 z) — 6£nl+1 9(11 T, Z>
r€Zpiat+i MEZy(k+2)
XETTER (7, 2)O (ke 2) 20— (b+4)m2 (k4 2) (k) <T , >
= Z @27“,76-‘1-4(7_7 O)F}E;—r) (Tv Z). (B 12
TEZ}C+4+%

On the other hand, if we apply the composition formula to the two theta functions in
@(875/), we find

O s, (T, 2) Z Z Ost+8v-+25+25,16 ( 2) Out—s+s,4(7,0), (B.13)
vEZo t€Zy
k z
Xl( )(T, 0)O(s,5)(T, 2) = Z Cin(T)@m,k(T,O)Z Z@8t+8u+25+2s’,16 (7', 5) O4t—s4s,4(T,0)
meZoy, vEZo t€Zy
= Z ®r’k+4(7—7 0) Z Ci"+4m+s—s’(7—)@%s’71(7—’ 2Z)
TIEZQ(]C+4) meZQk
O 4 1 (k) (—dm—sts') ak(k+4) (T 0). (B.14)

This way of composition of theta functions leads to different expressions of (B.7) and (B-§):

Z O2; k+4(7,0) Z Copy am (T)O gy (k44)dm, ak(k+4) (T, 0)

Zk+4+2 meZsy,

(00,1(7,22)00,2) (T, 2) — ©11(7,22)O(1,_1) (7, 2)), (B.15)

Z O2; k+4(T, 0) Z ey am—2(T)O_gr— () (4m—2) k(1) (7, 0)

Zk+4+2 meZsy,

'(@171(7', 22)@(070) (T, Z) - @071(7', 22)@(171) (T, Z)) (B16)

Thus we find, for r € Zg14 + %,

s —2r z
‘Fl(2r)(7— 2= Y X7, 2)O 22— (b aym 2 (6-2) (k1) <T’k—+2>

m€Z4(k+2)
mod2 mod2
' (55111 )9(0,2)(7'72) - 6£n,l+1)@(1,—1)(7-72)> (B.17)
= Z s 4 (T)O _sr— (1 +-4)am 4 (+4) (7 0)
meZoy,
(00,1(7,22)00,2) (7, 2) — O1,1(7,22)0(1,_1) (7, 2))
=5 Z C2r+4m @ 8r— (k+4)4m,4k(k+4)(77 0)A2(Tv Z), (B18)
meZQk
m—zr z
Fz(;rr) (12) = D X, 2)O )20 (b ym 2 (62 (k1) <T ’k:—+2>
m€Z4(k+2)
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. (55:;1[0(:12)@(070) (’7', Z) — 5&?;)_??)@(171) (T, Z)) (B19)

= Z Clzr+4m—2(7')@—Sr—(k+4)(4m—2),4k(k+4) (7,0)

meZoy,
. (@171(7', 22’)@(070) (T, Z) - @071(7', 22’)@(171) (T, Z))
1
=3 D i (O _sr— (k4 (4m—2) k(i) (T, 0) A1 (7 2), (B.20)
meZoy,
where
Al (T, Z) =2 (@171(7', 22’)@(0’0) (T, Z) — @071(7', 22’)@(1’1) (T, Z)) s (B.Ql)
Ao(7,2) =2 (@0,1(7', 22)0(0,2) (7, 2) — O11(7,22)O (1 _1y(T, z)) (B.22)

are the same as (B.7), (B.g) in the text. (The definition of O (7, 2) is given at the
beginning of this appendix.) In particular, even if & = 0, the equation ([A.2() still holds
if we define

Xom 2 (7,2) = 6001 (m, s € Zy), (B.23)
then we have
1 .
(-) _ §A2(T72) ifr=0,2,
7 _ .
120 (7:2) { 0 ifr=1,3, (B2
» _ B.2
iar (72) { LAy(r,2) if r =1,3. (29

The total Fjo,.(7,z) function (B.24) is given by

Fiop(r,2) = 5 (B (r2) + G, 2)

Li—
Z Z (—1)VXlLr,,2T+2VO+V(T, 2)O2u1 +1,2(T, 2)O20y 11,2(T, 2)

V€L (k1 +2) V0 V15 v2 € Zo
vo +v1 + v

1
2
1
2

= 1(mod2)
e <7’ z ) (B.26)
(kmlﬂ+2)2r_(kmm+4)(l+V)72(kmm+2)(kmm+4) ’ kmln + 2 N .
Fj (T, 2) satisfies
Forgo(kga) (T, 2) = Flop(T,2) (B.27)

which is obvious due to the periodicity of theta functions. Also it is easy to show that [f]

Fy12r4k4a(T,2) = Fiop(T,2). (B.28)
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E,ZT(Ta Z)

13}727, (7, z) functions ([.23) can be obtained by modifying the z-dependences of various theta
functions as

X (7, ) = X (7,0), (B.29)
(O (1:2) = ) Y Ostona(T,2)O5122(12) = Y Outan2(7,0)O442,9(7, 2), (B.30)
vEZs vEZs

z z
@(k+2)2r—(k+4)m,2(k+2)(k+4) T’k—+2 —>9(k+2)2r—(k+4)m,2(k+2)(k+4) Tak—_|_4

(B.31)
in Fl(%) (1,2). The following formulas are useful:
o (— ,m—2r z
Fz(w) (12) = D X7 (1,0)0 sz (ke m 20k+2) (44) <T ’k—+4>
MEZy(k+2)
: <5£$fd2)@(0,2) (150,2) — 55:;3?%)@(1,—1)(7; 0, Z)) (B.32)

z
= Z s (T) O 7 (k- 4)m 4k 4) T’m

meZoy,
(80,1(7,2)O(0,2) (730, 2) — ©1,1(7,2)0(1,—1) (750, 2))

A~

1 z
= 5 Z Cl27’+4m(T)@—Sr—(k+4)4m,4k(k+4) (7'7 m) Ao (T, 2), (B.33)

meZsy,

sym—zar z
Fz(;) (m2) = Y X (T, 0)O (a2 (b 4ym 2 (b2 (k4) (T’ T 4>
MEZy(k12)

: <5$1fd2)@(0,0) (150, 2) — 55?;)4(:?)@(1,1)(7'; 0, Z)) (B.34)
z
= Z Cl2r+4m—2(T)@—8r—(k+4)(4m—2)74k(k+4) <7', 2(k + 4) 4)>
meZoy
. (@1 1(7’ Z)@(O,O) (T; 0, Z) - @071(7', 2)9(171)(7'; 0, Z))

z ~
=5 Z C2r+4m 2(7)O _g,— (k4+4)(4m—2),4k(k+4) <T,m> Aq (T, 2),

mGsz
(B.35)

. | N
Fior(r,2) = 5 (B2 + B3, 2). (B.36)

Al(T,Z) =2 (@171(7', 2)9(070) (T; O, Z) - @071(7', 2)9(171)(7'; O, Z)) 5 (B37)
Ag(7,2) = 2(©0,1(7,2)0(0.2)(750,2) — O1,1(7,2)0(1 _1)(750,2)),  (B.38)

O, (T52,2) = D Ouyaa(7,2)Og 1005(7, 7). (B.39)
vEZo

The expressions (B.37) and (B.3§) are equivalent to the definitions ([£.) and ([.7) in the
text. (Note, again, that k here is kpyi, in (f23).)
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thr (7,2) also satisfies

Fyorsogera)(T,2) = Fion(7, 2), (B.40)
Fk—l,2r+k+4(7—v Z) = Fl,2r (7_7 Z)v (B'41)
E,—2T(T7 Z) = F1l,27“(7-7 _Z)- (B42)

C. Heterotic conversion

In Gepner models, any modular invariant partition function for type II strings can be
converted to that for heterotic strings by a straightforward procedure [ff], which we review
in this appendix.

Let us denote level-1 affine SO(2n) characters by

) = G Q) o
B@(r, ) = Ws(T: Z)2)(’;—T )()114(7, )" (C2)
BE(r, 2) = (75‘2(772)2)(7;7;;)()%(77 ) (©3)
B?“vw>zm%“”2;;§%““”a )

Writing them as a column vector B(27) (7,2), their modular S- and T-transformations are
given in the matrix notation

nwizz
B(2")(T,z)S:e  SCIBEN (7 2), (C.5)
11 1 1
1111 -1 -1
@n) _ 2 C.6
5 2|1 1-1 i —i " (C8)

1 -1 —7" 77

and
B®n) (1,2) . T(2n)g(2n) (1,2), (C.7)
e~ 7L175L
T(2n) = e nmi .
o (€3)
e+ nme
We also define
8 8 8 3 8
BB 52y = D32+ (a(r.2)° + (a(r.2)° + (D1 . 2) )
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then

8miz

2
BE)(7,2)| = 5 BE(r,2),

__8mi

BFs)(, z)‘T = ¢ 12 BFS)(7 2).

If we set z = 0, then we find

S(d-‘rS) — S(d+24) — S(d) — MTS(d) M,
—1
6_%7ri T(d+8) — T(d+24) _ -1 T(d): MTT(d)M
1 )
1
where
1
T -1 1

-1

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

d is the transverse space dimensions (that is, d = 2 for a four-dimensional flat Minkowski

spacetime with a Calabi-Yau threefold, and d = 4 for six-dimensional one with a Calabi-
Yau twofold). Therefore, M B(Fs)B(@+8) (1 0) and MB@+24(7,0) transform exactly in the
same manner as B(? (,0) does under the modular S- and T-transformations. This means

that starting from any modular invariant partition function for type II strings, we can

obtain one for the Fg x FEg heterotic string theory by replacing the left-moving fermion

theta functions as (with all z’s being equal to zero)

d d d+8 d+8
(J3)2 +d(194)2 (= BD) = (¥3) 2 — (8194) ? pEs) (= BU+8) p(Bs)y,
2775 27]T
d d d+8 d+8
(93)2 —d(75‘4)2 (= Bgd)) _ (93) 2 —1(1-8194) 2 BES), ( B((]d+8)B(E8)),
2n2 2n 2z
d =4 d+s = dts
(02)2 +d(191)2 (= BY) ~(92) 2 4; 1) 2 B, (= _pl+s) p(Es)),
2n2 2n7z
a = .d a+s8 = d+8
()2 —d(ﬁl)z (= By _(99) 2 d+(8791) 2 ) (= — B9 p(Es))
2n2 2nz
and also for the SO(32) theory as
(9)% + (@) oy 0975 — 00T
d (_ BO ) d+24 ) (_ BU )
2n2 2n 2
(03)2 — (00)? (d) 0)7 + (007 (s
d (_ Bv ) d+24 ’ (_ BO )
2n2 2n 2
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(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)



d+24 ~ | d+24
9.)% 2 * (= _pld+2) C.21
(92)% + (91)3 (= B) (2) 22 iy ) , (= —B24) (C.21)
d s n 2
202 dton ~ L d+24
91)% — W) 2 (d+24) C.22
G kel G Y Y e Y B LT SN OP
d s 2n 2
2n2
Applying these rules in F o,(7, 2), we Obtam( | )
~ Egx Eg(+ .
FESXES(T,Z) — 1 (F}gsTXES( )(T Z) +‘F} 8 8 (T, Z)) ;
1,2r 2 < = > 1AE8XE8(T 2)
T, 5\ 1 %)
POz = 3 dham(MO s kst akr4) 2(k +4)) 2
meZyy, (C.24)
g A )
ol P = hrram—a(T)O 8o (k) (4m—2) ak(k-4) "2(k+4)) 2
‘Fl 2r 2rtdm—
’ meZoy (C.25)
~ E (2) (10) 0 B1()2) T Z)
#:()T’Z) = (@1,1(7, z) (Bz(,lo)(T,O)Bo (7,2) + By (7, 0) B, ( ) > .
AT (10) 2) B'™8)(71,0),
0 (2) Bs 7 (1,0)Bg” (1, 2)
100,17, 2) (BI (7,0 B (r, 2) + B ) s
AL xE 2) (10) (. 0)BR) (7, )
%A;ES;(S()T, ) = (90,1(7, z) (B(()lo)(ﬂo)Bo (1,2) + B, (7,0) | ) > (B8) (1, 0)
T (10) 2) BE(7,0),
0 (2) B; T,O)BS (7’, Z)
+01:1(r.2) (BI (7,0 B (7, 2) + B ) o
wnd 1 7 ~s0(32)(-) SO(32)(+)( Z)) (C.28)
[5062) (1,2) = = (Fl,% (1,2) + Fps, ™ ’
1,2r 2 z > lASO(32)(T z),
F80(32)(= = D eiam (MO (v ayam 4k (T’ 2(k+4)) 277
F‘l 2r -
meZay, (C29)
z 1 250(32)
2 4k(k+4) (’7—, >§A1 ( ) )7
FS0E = D rram—2(T)O s (et a)am—2), 2(k+4)
’ meZak (C.30)
A (26) (2)
&”g) = 61.(r,2) (B (r, 0B (7,2) + BY(,0)B) (7, )
14
nt(r (26) 2)
26 (2) + B (1,0)Bs 7 (1, 2)
+00.(r.2) (B9 (7,0)BD (7, 2) + B ). o
1AS0E2) (7, 2) ) (7,08 (r,2) + B (7,0)BY)(r. )
2 214()’ _901(772)<Bo (7,0) ’ |
noT (2) £26) 0 B(2) T, Z) . (C32
oy (90081 00000}
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D. Proof of the regularization formula

In this appendix we prove the regularization formula. Let

[e.e] —ne

[z ==Y —, (1)

n=0

then f(z,€) has simple poles at z =n, (n = 0,1,2,...) with residue —e~"¢. On the other
hand, the gamma function I'(—z) has also simple poles at z = n, (n = 0,1,2,...), and
so do %log(l“(—z)) at the same locations with residue —1. Therefore, comparing the
singularities, we may write

2 [e.e]

1
5 log(I’ Z e —I—_n + const. (D.2)
n=0

022

Subtracting

oo —ne

9=y (;_7”)2 (D.3)

from both sides and integrating with respect to z, we find

0 1 —eme
57 logl(=2) = f(2.6) = _,;)ﬁ +az+b (D.4)
for some constants a and b. The first term is O(e).
To determine a and b, we set z = —1 and z = 2:
f(=1,€) = —elog(1l —e™), (D.5)
f(=2,¢) = —e*log(l — ™) — e, (D.6)

and therefore

—e‘log(l —e ) = (% logI'(—=2) +O(e) — (—a+0), (D.7)
z=—1
—e*log(l —e™€) —ef = 82 logI'(—=2) +O(e) — (—2a+ ). (D.8)
z z=—2
Y(z) = o-logT(2) 09
2) = 5-logT'(z .
is known as the psi-function (or the dI’-function), and
2lo [(—z) = —¢(—2) (D.10)
55 108 = . .
The psi-function satisfies the recursion relation
1
Y +1) = - +9(2), (D.11)
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and hence

P(2) = (1) +1
= —C+1, (D.12)

where

—(1) = %logf(—z) =C (D.13)

z=—1

is known as Euler’s constant. Using these data, we find

a = O(e), (D.14)
b =1loge+C+ O(e) + O(eloge), (D.15)

and obtain the final form of the regularization formula

e—TLE

—Z = —loge+ 3logI‘(—z) —C+O(e) + O(eloge). (D.16)
z-n 0z

That this formula is correct can also be confirmed numerically by Mathematica.
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